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Abstract
Cardiovascular Diseases (CVD) is a major cause of premature death in the world, being one of
the usual causes of these diseases the build up of fatty deposits on the inner wall of arteries. This
build up is part of a process called atherosclerosis where the subject experiences a thickening and
increased rigidity of the arterial walls due to the deposition of fat, proteins and carbohydrates in
conjunction with increased cell proliferation and immune responses. While this process has been
already been studied extensively on a biological sense, there are very few studies that focus on the
mechanical properties of the plaque or on mechanical simulations of this tissue.
This work proposes to use meshless methods to perform biomechanical simulations of the
atherosclerotic plaque in two dimensional (2D) and three dimensional (3D) settings. This ad-
vanced numerical methods discretize the problem domain into a nodal cloud without any pre-
established relations. In the meshless methods used for this work, these relations are afterwards
defined with the use of the Voronoi diagrams and the respective shape functions with radial point
interpolators. It has already been shown in the literature that these methods, when compared with
the Finite Element Method (FEM), produce more accurate and smoother variable fields.
For this work the atherosclerotic plaque was simulated has being an elasto-plastic material
with its mechanical properties based on literature. The work analyses four different 2D models,
representing four different stages of the process, and two different 3D models, showing two differ-
ent levels of stenosis. All these models were tested with 3 different sets of material properties for
the plaque characteristic of different levels of calcification. The simulations where made consider-
ing symmetry conditions and by application of a static pressure in the artery’s lumen. The results
show that there is a relation between the plaque’s thickness or the level of tissue calcification and
the artery’s stiffness. It can also be seen that at a physiological pressure level the atherosclerotic
plaque does not experience any kind plastic deformation.
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Resumo
As Doenças Cardiovasculares são uma das principais causas de morte prematura no mundo, sendo
que uma das causas mais comuns destas doenças é a acumulação de gorduras nas paredes internas
das artérias. Esta acumulação é parte de um processo chamado aterosclerose, no qual um sujeito
experiencia um aumento da espessura e rigidez das paredes arteriais resultante da deposição de
gordura, proteínas e hidratos de carbono, juntamente com um aumento da proliferação celular e da
resposta imunitária. Apesar de este processo já se encontrar extensamente estudado de um ponto
de vista biológico, existem poucos estudos focados nas propriedades mecânicas da placa ou em
simulações biomecânicas deste tecido.
Assim, este trabalho pretende utilizar métodos sem malha para a realização de simulações
biomecânicas da placa aterosclerótica em modelos a duas dimensões (2D) e a três dimensões
(3D). Estes métodos numéricos permitem discretizar o domínio do problema numa nuvem de
nós sem qualquer relação pré-estabelecida. Nos métodos sem malha utilizados neste trabalho,
essas relações são posteriormente definidas com o uso de diagramas de Voronoi, sem as respetivas
funções de forma definidas com interpoladores radiais. Já se encontra demonstrado na literatura
que estes métodos, quando comparados com o Método de Elementos Finitos (FEM), permitem
produzir campos de variáveis mais precisos e suaves.
Neste trabalho a placa aterosclerótica foi simulada como sendo um material elasto-plástico,
com as suas propriedades mecânicas baseadas na literatura. Este trabalho analisa quatro mod-
elos 2D diferentes, representando quatro estados diferentes deste processo, e dois modelos 3D
diferentes, mostrando dois níveis diferentes de estenose. Todos os modelos foram testados com
três conjuntos diferentes de propriedades mecânicas para a placa aterosclerótica característicos
de diferentes níveis de calcificação. As simulações foram realizadas considerando condições de
simetria e aplicando uma pressão estática no lúmen da artéria. Os resultados mostram que ex-
iste uma correlação entre a espessura ou o nível de calcificação da placa e a rigidez apresentada
pela mesma. Para além disto também é possível concluir que a uma pressão fisiológica a placa
aterosclerótica não apresenta qualquer deformação plástica.
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Chapter 1
Introduction
Today we live in a world filled with technology. People spend their days looking at their smart-
phones, working in their computers and watching television. This more sedentary way of living,
when compared to previous generations, combined with unhealthy diets and other lifestyle choices
are all risk factors for Cardiovascular Diseases (CVDs) [1, 2].
CVD is the major cause of premature death in the world, with more than 17.5 million deaths
worldwide in 2012 [1]. One of the most common causes for CVD is the build-up of fatty deposits
over the inner walls of blood vessels [1], which is part of the process that its called atheroscle-
rosis [3, 4]. This accomulation of fatty deposits, in conjunction with proteins, carbohydrates and
increased cell proliferation, leads to (1) a recruitment of monocytes (imunologic response) and
(2) the thickening of the artery’s walls [3, 4]. This phenomena can lead to coronary heart dis-
ease, cerebrovascular disease or others, causing, in acute events, heart attacks or strokes due to
blockages in the blood flow [1, 4].
Being the major cause of premature death worldwide, this is a problem that needs to be tackled.
The first efforts to tackle CVD are prevention, primarily by changing habits or by using pharma-
ceuticals, as stated in European Guidelines [2]. In some severe cases, these might be insufficient
and the subject may require surgical intervention in order to reduce the risks of trombosis [1]. One
of these procedures is the Percutaneous Coronary Intervention (PCI), also known as angioplasty,
consisting of the insertion of a balloon-tipped catheter that will be inflated on the affected location,
thus expanding the vase. This approach is minimally invasive, and can also be combined with the
use of a small metallic mesh (stent) that will remain on the vase, impeding it from closing back.
Although simple and minimally invasive, this procedure is usually only used when patients are
considered poor candidates for a bypass grafting [5]. This choice is made due to concerns about
procedure risk and long time durability of PCI [5]. The main issue with long time durability is the
potential restenosis of the vessel [6] and therefore the loss of vascularization.
A better understanding of the atherosclerotic plaque mechanics could help the development
of the PCI technique reducing the restenosis rate. The Finite Element Method (FEM) has already
been used to improve and support stent’s design [7, 8, 9] but not many studies have been focused
on the analysis of the atherosclerotic plaque itself [10]. Hence this thesis aims to create a reliable
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biomechanical simulation of the atherosclerotic plaque with the use of the NNRPIM, which is a
precise and flexible meshless numerical method [11].
1.1 Meshless Methods
Numerical methods, as the Finite Element Method (FEM) or Meshless methods, have been used on
a large scale to solve problems coming from different study areas, such as astrophysics, mechanical
engineering, fluid dynamics or even economy. In these fields there is the need to resolve partial
differential equations that model these phenomena. Those equations are frequently so complex
that solving them through analytical methods is percieved as either impossible or impracticable.
The use of these computational methods opens the possibility to reach an approximation to that
analytical solution [12].
1.1.1 Finite Element Method
Several computational methods exist nowadays, but among them the most popular is the Finite
Element Method [13, 14]. Its applications range from analysis of effects of urban design [15] to
biomechanical studies of the jaw [16].
This method allows for an approximation of the problem’s solution by dividing its domain into
discrete simpler parts, called elements. From the collection of all the elements a mesh is created
which, aside of containing them, also finds the connectivity relations between each one [17]. Af-
ter the problem has been discritized, the field function of the domain is interpolated within each
element in terms of an assumed approximation function (shape function). The approximation
function is used because the real solution of the element’s field variable, represented by the afore-
mentioned differential equations, is normally more complex. Finally, the global domain equation
system is obtain by assembling of each element’s local equation system [18].
But as new challenges arised other methods were needed to tackle more complex problems that
FEM had difficulties solving. For example, a lack of precision is found when considering large
deformations, complex geometries or fractures propagation. These shortcomings are caused by
the own nature of FEM, by building a mesh that hinders the treatment of discontinuities which do
not coincide with the original meshlines [19]. Meshless methods are supported by a formulation
that eliminates the necessity of the mesh, constructing the approximation exclusively in terms of
an arbitrary nodal set of nodes [19].
1.1.2 Meshless Methods
Considering the limitations of the FEM discretization, meshless methods appeared as an alterna-
tive approach. By creating their interpolation functions based on a distribution of scattered nodes
instead of meshes [20] and using an influence-domain for each node rather than elements [21], the
meshless methods surpassed at least part of FEM difficulties, such as mesh distortion and remesh-
ing [20]. Besides this, the displacement and stress fields obtained from meshless methods are often
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more close to an analytical solution than the ones created by low order element meshes (three and
four nodes).
The history of meshless methods appears to start in 1980 with the Generalized Finite Dif-
ferences [22], by the application of the Finite Difference method into a arbitrary irregular mesh.
This work was followed by the Smoothed Particle Hydrodynamics Approach (SPH) in 1988 [23],
which was applied to model boundless astrophysical phenomena, being afterwards extended to
other fields, such as flow dinamics [24]. SPH was then refined into the Reproduced Kernel Parti-
cle Method (RKPM) by introducing a correction function into the used kernels the accuracy of the
method increased [25].
Using a different method of approximations (the moving least squares approximations) a dif-
ferent set of methods were created. The first to appear was called the Diffuse Element Method
(DEM) [26], which has later been modified and refined into the element-free Galerkin method
(EFGM) [27]. This is a very consistent and stable method, applied to both solids and fluid me-
chanics.
Other methods also appeared along the years, as for example meshless local Petrov-Galerkin
method (MLPG)[28], defined with local weak forms [20]; the method of the finite spheres (FSM)
[29], viewed as a special case of the MLPG; the Finite Point Method (FPM) [30] and the Radial
Basis Function Method (RBFM) [31, 32]. The latter method was distinct from the others as it used
radial basis functions to approximate the variable fields. Besides, it was a ’truly’ meshless method,
has it did not require an integration mesh, and used the strong form formulation, in opposition to
the previous which relied on the weak formulation form [21].
These methods had the particularity of using approximation functions instead of interpolation
functions. This characteristic turned the definition of essential boundary conditions into an prob-
lem, given that the usage of these functions made the methods lack the delta Kronecker property
[33].
In order to address this problem, there have been developed several meshless methods using
interpolant functions in the last years. Some of these are the Point Interpolation Method (PIM)
[34], the Point Assembly Method [35], the Meshless Finite Element Method (MFEM) [36], the
Natural Neighbour Finite Element Method (NNFEM) [37, 38] or the Natural Element Method
(NEM) [39, 40, 41].
Given the simplicity of the shape functions construction, when compared with the EFGM, and
the ease of its derivatives calculations, the PIM method was considered an attractive method [33].
Additionally the use of interpolation functions allowed their shape functions to have the delta
Kronecker property making essential boundary conditions easy to impose. In an effort to fur-
ther improve this method, the polynomial basis function of the original formulation was replaced
by Gaussian and multiquadratic radial basis functions, originating the Radial Point Interpolation
Method (RPIM)[42, 43]. The RPIM has already been extended into three-dimensional analysis
[44] and applied to several problems as buckling analysis [45] or simulations of piezo-electric
structures [46].
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In the last years one of the most discussed meshless method is the NEM. This method con-
structs its trial and test functions using natural neighbour interpolants [47], a multivariate data
interpolation scheme initially used in data filling. When constructing the interpolation function,
the method relies in mathematical concepts as the Voronoï diagrams [48] and the Delaunay tessel-
lation [49].
The combination of the NEM and the RPIM allowed for the creation of an improved meshless
method, the Natural Neighbour Radial Point Interpolation Method (NNRPIM) [21]. The NNR-
PIM contructs its interpolation functions with a similar process to the RPIM and uses the natural
neighbour interpolant concept to define nodal connectivity and create a background integration
mesh. Given this total dependency of the integration mesh to the nodal dependency, the NNRPIM
is considered a ’truly’ meshless method [21].
1.2 State of the Art - Mechanical Simulation applied to Arteries and
Atherosclerosis
The study of the mechanical behaviour of blood vessels has already been done for several years,
having some reports dating from the end of the 19th century [9]. Although this represents a large
number of experimental studies made in in-vivo or in ex-vivo settings to understand the material
properties of the tissue and its reactions to different forces, it also represents an extensive work
done with the help of computational models [9]. An example of this work is the use of FEM by
Han et al. to study the deformation of arteries, as for example twisting, kinking or tortuosity,
due to ageing and hypertension [9, 50, 51, 52, 53, 54]. These models enable the prediction of
mechanical parameters, as the angles of twisted arteries or critical loads as result of buckling. This
kind of knowledge may lead to better treatment of hypertension and the effects of ageing [9]. The
buckling effect on arteries is also a topic of study in other settings as for example in aneurysmal
arteries [55]. In the work of Lee et al. [55], the objective was to assess the effect of aneurysms in
arterial buckling instability and the effect of buckling on aneurysm wall stress. In this study the
arteries are modelled as a homogeneous incompressible, orthotropic, non linear material using the
Fung strain energy function [56] and uses a commercial software to perform a FEM analysis using
linear hexahedral elements.
Studies as the aforementioned show that the knowledge of blood vessel mechanics is getting
further and further, which can lead to improvements on healthcare, even more when creating
patient-specific realistic models. There have been some attempts, by incorporating the patient
specific 3D residual forces into FEM arterial models [57]. Pierce et al were able to construct,
through medical imaging, image analysis and FEM, a computational model of patient specific
blood vessels on which they were then able to apply the residual stress distributions of the arterial
tissue layers [57].
All this knowledge of blood vessels can also be applied in cases related to atherosclerosis. One
of the cases most studied in the literature in the computational analysis of stents [7, 8]. Computa-
tional stent analysis allows for a better comprehension of the stent’s effects on the blood vessel, its
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progression through time and of improvements on stent design. A different kind of application of
computational simulation is for prediction of plaque location. It can be found in a literature works
on the usage of FEM to model and predict the initialization and progration of Atherosclerotic
plaque on coronary arteries [58]. This work in particular used angiography records of six different
patients to create their models and by analysing mechanical parameters of blood circulation (wall
shear stress, oscillatory shear index and residence time) achieved a good correlation with the real
plaques.
Related to the atherosclerotic plaque itself, several works have characterized its material be-
haviour [59, 60, 61, 62, 63]. In these studies, one can find both experimental approaches, by use of
an circunferential uniaxial mechanical test [61], as well as micro-indentation works with the use
of inverse finite elements analysis [59, 60, 63].
In terms of simulation studies focused on the plaque itself only a few can be found in the
literature. One of these studies was made by Cunnane et al and focused on the influence of the
plaque material model on numerical results. In this work the author used FEM to simulate a
very simplified model of a diseased artery containing only to circular sections, the artery wall and
the atherosclerotic plaque [10]. By the use of two different material models based on femoral
plaque tissue and aortic plaque tissue, Cunnane showed that large differences were induced in the
numerical results by the use of each material model, concluding that simulations of each vessel
should employ vessel-appropriate material models for the plaque [10]. Aside from this, an attempt
of modeling the atherosclerotic plaque biomechanical behaviour as an elasto-plastic material was
also found in the literature [64]. In that research the author used the NNRPIM method to simulate
this behaviour on a single atherosclerotic artery model, being the only work found in the literature
that used meshless methods to simulate this tissue.
1.3 Objectives
1. Perform a elasto-plastic analysis of atherosclerotic plaques, using two of the most recent
meshless models nowadays, the RPIM and the NNRPIM;
2. Study the effect of tissue calcification and thickening of the atherosclerotic plaque has on
the mechanical behaviour of the artery;
3. Draw comparisons between FEM and the meshless methods used.
1.4 Document Structure
This Thesis is composed of seven major chapters: Introduction, Cardiovascular System and Atheroscle-
rosis, Elasto-Plastic Formulation, Preliminary Studies, Atherosclerotic Plaque Analysis, Conclu-
sions and Future Work.
6 Introduction
In the first chapter, Introduction, an brief introduction on the topic is given, as well as a review
on the state of the art of Meshless methods and Numerical Simulation of Atherosclerotic Plaque.
Furthermore, the objectives of this work are stated.
In Chapter 2, Cardio-vascular System and Atherosclerosis, a brief exposure of the cardio-
vascular, arterial and atherosclerosis biology is given. The mechanical properties for the arterial
wall tissues and atherosclerotic plaque are also described.
In Chapter 3, Meshless Methods, it is given a thorough presentation of the two meshless
methods used in this work and their formulation.
In Chapter 4, Elasto-Plastic Formulation, the elato-plastic formulation used in this work is
present.
In Chapter 5, Preliminary Studies, the software used on this thesis is presented and explained.
Afterwards, some elastic examples are studied in order to compare results obtained between nu-
merical methods. Finally, a preliminary elasto-plastic study is shown and compared with the
expected mechanical behaviour.
In Chapter 6, Atherosclerotic Plaque Analysis, the software previously described is used to
analyse several models of arteries containing atherosclerotic Plaques. This chapter presents all the
results obtained and their discussion.
In Chapter 7, Conclusions and Future Work, the main conclusion of this work are stated and
some recommendations for future work in this topic are given.
Chapter 2
Cardiovascular System and
Atherosclerosis
The cardiovascular system is one of the most important organ system in the human body and
atherosclerosis is one of the most common diseases that targets this system. Being those the main
focus of this work, it will be given in this chapter a better understanding of the cardiovascular
system, the composition of the arterial walls and the processes behind the formation of atheroscle-
rotic tissue. After this, the mechanical properties used for this work are stated as well as the
experimental works from which they resulted.
2.1 Cardiovascular System
The Cardiovascular System is an organ system that allows for the transportation of blood cells
and nutrients to every cell in the human body and also the collection of all cell residues. The
Cardiovascular System is comprised of three different parts: blood, heart and blood vessels.
The human Cardiovascular System has also the characteristic of being a closed system, mean-
ing that the blood never leaves the blood vessel network. The system is composed of two different
loops, the pulmonary circulation that takes the blood to the lungs so that it is oxygenated and the
systemic circulation where the blood provides oxygen to the rest of body.
The blood is the fluid that it is transported through the cardiovascular system and consists
mainly of plasma, erythrocytes, leukocytes and platelets. Each of these components has a pur-
pose, from immune response (leukocytes) to oxygen transportation (erythrocytes) or vase repairing
(platelets).
The heart is a muscle located inside the thoracic cage whose function is to pump the blood
through the blood vessels. This organ is composed of four cavities (two ventricles and two atriums)
connected into two pairs (atrium with ventricle) and four valves that closes each cavity to prevent
reflux. Each pair, located on each side of the heart, is responsible for giving thrust to one of the
loops of the system, either the pulmonary circulation (right pair) or the systemic circulation (left
pair). As the systemic circulation is longer path than the pulmonary circulation, the left side of the
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heart is bigger, having a thicker ventricle in order to apply enough pressure to the blood. This organ
is controlled by the autonomic nervous system (sympathetic nervous system and parasympathetic
nervous system) which controls all the body’s unconscious actions.
The blood vessels are the channels through which the blood flows. These vessels are classified
according to their characteristics into arteries, veins and capillaries. Arteries are the vessels that
receive the blood after it leaves the heart. As the blood has to reach the whole body and then come
back to the pump, it needs to be ejected at a high pressure. So, in order to sustain such forces,
arteries have a thick muscular wall. The vessels get thinner as one moves away from the heart
and blood pressure drops, so that when one reaches the tissues the blood pressure is minimal.
At this point the vessels are called capillaries, presenting a very small diameter and a very thin
wall to allow for the diffusion of nutrients and residues. Following along the vessels, blood starts
returning to the heart, through veins. Veins have a thinner wall when compared to arteries and,
given the minimal blood pressure at this point, they present valves along their length to prevent
back-flow. These vessels conduct the blood back to the heart, increasing in diameter as they get
closer.
2.2 Arteries
2.2.1 Biologic Description
Arterial vessels are composed by three distinct layers called tunicae. Those three layers are called
tunicae intima (inside layer), tunicae media (middle layer) and tunicae adventitia(outer layer).
The intima is composed of a thin endothelial layer over a very thin basal lamina of type IV col-
lagen. This layer works as a semi-permeable membrane, allowing nutrients and chemical signals
coming from the blood stream to reach the other blood vessel cells. An example of this permeabil-
ity is the pressure-regulating agents that the blood passes to the media creating an active response
by the vessel. Even though it has a very important functional role, given its small thickness, is
often neglected when considering each layers contribution for the global mechanical resistance of
the artery.
The media mainly formed of smooth muscle cells embedded in an extracellular plexus of
elastin and collagen (mainly types I and III) combined with an aqueous-base substance contain-
ing proteoglycans [9]. This layer can have two different arrangements of their muscle cells, and
according to them arteries are classified between elastic arteries and muscular arteries. Muscular
arteries usually present a larger diameter and have a characteristic ’sublayer’ of smooth muscle
and thin elastic laminae called lamellar unit. Given their features this type of arteries is closer to
the heart, to sustain the highest pressures.
And the adventitia, the outer layer of the vessel, consists of a dense matrix of type I collagen
fibers combined with fibroblasts, nerves and elastin. These nerves are the ones responsible for
the innervation of the smooth muscle cells present in the outer media while fibroblasts produce
collagen, thus regulating the connective tissue. This layer presents itself as thick as the media in
2.3 Atherosclerosis 9
muscular arteries, and very thin when examined on elastic arteries. Another particularity of this
layer is the appearance of their fibers. At physiological pressure they appear to be ondulated and
become progressively straighten as the pressure rises. This characteristic is hypothesised to be a
protective mechanism of the vessel to prevent potential ruptures due to acute pressure increases
[65].
2.2.2 Mechanical Properties
The understanding of the mechanical behaviour of blood vessels is a topic of research since the
end of the 19th century [9].
The first notable characteristic is the existence of residual stresses, both axially and circun-
ferentially, in an unloaded vessel [65]. These residual stresses keep the luminal part of the vessel
under compression and the external under tension [65], even though the internal pressure of the
vessel equilibrates these forces in-vivo [9]. Secondly, there is the anisotropy of the vascular tissue
when under a load-free configuration [9]. This is evidenced by a different behaviour of the tissue
when analysing the circumferential and the axial direction.
Given its high content of water, between 70 and 80 percent, the vascular wall is taken as incom-
pressible although small fluid movements within the tissue created by stress gradients may exist
[9, 65]. Besides this, it is also characteristic a degree of viscoelastic response, as well as hysteresis
when under cyclic loads. Another important fact to know is that, after the tissue has been precon-
ditioned, it displays a highly repetitive behaviour. Regarding its general mechanical behaviour it
is often regarded as hyperelastic [66], even though it may be considered as pseudoelastic, as it is
elastic but behaving differently in loading and unloading [56, 65].
2.3 Atherosclerosis
Atherosclerosis is defined as a chronic inflammation of the arterial wall that gives rise to the
formation of a plaque [67]. The plaque consists of inflammatory cells, a lipid necrotic core, intra-
plaque haemorrhage and a thin fibrous cap that separates the core from the bloodstream [63]. This
fibrous cap can potentially rupture, putting the lipid core in contact with the blood and causing
luminal thrombus formation [63]. Atherosclerosis tend to appear at junctions and branches of
conduit arteries, sites prone for altered flow patterns. Atherosclerosis begins with the trapping
and retention of lipoproteins at lesion prone sites due to an imbalance of Low Density Lipoprotein
(LDL) concentration between the tissue and the plasma [65]. Consequently, lipids become trapped
in the extracellular matrix at the basal zone of the intima. This phenomena is pathogenic, creating
an adhesion of leukocytes to the endothelial cells and thus starting the inflammatory response
to the plaque formation. This leads to the recruitment of monocytes into the arterial wall that
are differentiated into macrophages and, subsequently, foam cells after the ingestion of trapped
and modified lipoproteins. Several foam cells within the lesion become activated, inducing the
expression of a large number of factors that create an anomalous behaviour on healthy cells that
end providing a favourable biochemical environment for the disease progression [65].
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Figure 2.1: Relative stiffness, homogeneity and anisotropy of different plaque types, based on
plaque content and composition. The cartoons depicting the successive phases of atherosclerosis
were adapted from [69]. SMC: smooth muscle cells. The − indicates absence or low amount, +
indicates the presence or high amount, and −/+ indicates intermediate amount. [62]
Atherosclerotic lesions range from small fatty streak into a ruptured or fibrotic lesion. Taking
into account this wide range of lesion, a series of post-mortem pathological studies were made in
order to develop a plaque classification scheme [68] being it afterwards perfected using vulnerable
plaques focused pathological studies and adopted by the America Heart Association [69]. The
classification comprises 8 lesion types that represent the successive stages of atherosclerosis. A
summary of some mechanical properties of these stages, based on their composition can be found
in Figure 2.1 [62].
2.3.1 Mechanical Behaviour
Experimental data from mechanical characterizations of the atherosclerotic plaque is present the
literature [61, 62]. Based on the comparison of the experimental data from the intima it was
possible to make two main conclusions: (1) all experiments reported a non-linear behaviour of the
atherosclerotic plaque; (2) there exist a great dispersion in terms of different studies results.[62].
As it appears not to exist a set of established mechanical properties for this tissue, this work will
be based on the work of Sommer et al. [65] and Cunnane et al. [70].
2.3.1.1 Damaged Arteries Mechanical Properties
Sommer et al. performed a study on 107 samples from nine human high-grade stenotic iliac
arteries. In this study it was performed cyclic quasi-static uniaxial tension tests in the axial and
circumferential direction of 7 different tissues present in the arteries. The samples taken varied
from 7 to 17 mm in length, from 2.2 to 5.6 mm in width, and from 0.24 to 1.7 mm in thickness.
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This samples were then allowed to equilibrate for 30 to 60 min in a calcium-free physiological
0.9% NaCl solution at 37◦. The tissues were pre-conditioned with the execution of five successive
loading-unloading cycles for each test and only then underwent the tension test. This was a single
cyclic quasi-static uniaxial extension test with continuous recording of tensile force, width and
gauge length at a constant crosshead speed of 1mm/min. [65] The results from this tests for the
Adventitia, Media, Damaged Media, Intima, Damaged Intima and Intima Fibrous cap can be found
on table 2.1.
Table 2.1: Average ultimate tensile stress (kPa) and associated ultimate stretch in the circumfer-
ential from all the specimens tested [65]
Adventitia Media Dam. Media Intima Intima Fibrous Cap Dam. Intima
Average σult 1031.6 202.0 1073.6 488.6 943.7 776.8
Average λult 1.440 1.270 1.115 1.331 1.182 1.107
While the behaviour of this tissues is hyperelastic, their mechanical behaviour can be simpli-
fied and approximated by a linear approach. To make this linear-elastic approximation first it is
needed to subtract 1 from the stretch values in order to obtain the average strain and afterwards
the unidirectional Young’s Modulus can be calculated by definition with the following equation:
E =
stress
strain
(2.1)
After this process has been done, the mechanical properties of these tissues under a linear
elastic model can be found in table 2.2. As all these tissues are incompressible, they were defined
as having a Poisson’s ratio of 0.45.
Table 2.2: Arterial tissues mechanical Properties
Adventitia Media Dam. Media Intima Intima Fibrous Cap Dam. Intima
E (MPa) 2.3445 0.7481 9.3357 1.476 1.4 7.2598
Poisson’s Ratio 0.45 0.45 0.45 0.45 0.45 0.45
2.3.1.2 Atherosclerotic Plaque Mechanical Behaviour
Cunnane et al. performed a mechanical study on twenty different samples of atherosclerotic
plaques from femoral arteries of fifteen different patients. Immediately after being collected the
samples were frozen in phosphate buffer solution at - 20 degrees Celsius.
The samples were tested using a uniaxial tester and video extensometer developed in their
laboratory. They were first preconditioned using five cycles of 10% stretch at a displacement rate
of 0.1 mm/s and then were elongated until failure at a displacement rate of 30% gauge length per
second [70].
Besides this analysis, Cunnane et al. also made a Fourier Transform Infra-red Spectroscopy
(FTIR) analysis of the plaque luminal surface using attenuated total reflectance (ATR) in order to
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characterize the biological content of the tissue. The background spectrum was first removed and
the ATR diamond crystal was placed directly into contact with the sample. The spectrums were
acquired using absorbance mode with a resolution of 2 cm−1 for 16 scans over the range of 4000
to 700 cm−1. By analysing these spectrums, calculating the area under certain characteristical
absorvance peaks, the researchers were able to obtain the ratios of lipid to collagen (Li:Col),
calcification to collagen (Ca:Col) and calcification to lipids (Ca:Li) in the samples.
Based on the biological characterization of these tissues, the samples were then separated
into three different groups, based on their calcification to lipids ratio. The samples with a Ca:Li
between 1 and 1.5 were classified as being Lightly Calcified, a Ca:Li ratio between 1.5 and 2 was
classified as being Moderately Calcified and a Ca:Li ratio between 2 and 3 was taken as Heavily
Calcified. By analysing the results obtained from the mechanical tests a sample was selected from
each of these groups as being representative. The mechanical behaviour of these samples can be
seen in Figure 2.2.
Figure 2.2: Stress vs. Strain plot of the group representative plaque samples
This behaviour could be simplified as elasto-plastic and approximate through a bi-linear func-
tion. This approximations can be seen in Figure 2.3.
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(a) Lightly Calcified
(b) Moderately Calcified
(c) Highly Calcified
Figure 2.3: Bi-linear approximations of Atherosclerotic Mechanical Behaviour
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From these bi-linear approximations it were taken the mechanical properties seen in table 2.3.
Table 2.3: Mechanical Properties of the Atherosclerotic Plaque
Lightly Calcified Medially Calcified Highly Calcified
E(MPa) 0.9167 1.0625 3.1429
Et (MPa) 0.1371 0.1833 0.0800
σy (MPa) 0.055 0.085 0.110
For the numerical simulations performed in this works it would be also required the Poisson’s
ratio of the atherosclerotic Plaque. Since that in the work of Cunnane et al. no value for this
mechanical property, its value was obtained by the law of mixtures [71] to the Poisson’s ration, as
seen in the following equation:
νplaque = νcalci f ication× calci f ication%+νlipids× lipids%+νcollagen× collagen% (2.2)
where calcification %, lipids % and collagen % represent the fraction of each of the biological
components.
For this calculation the collagen and lipids were taken as incompressible and given a Poisson’s
ratio of 0.45, as seen with the artery’s tissues. As for the calcifications those were taken as being
similar to hydroxiapatite, one of the most main calcium phosphates present in the the human body,
with a Poisson’s ratio of 0.27 [72]. The fractions of each component were calculated from the
ratios of each of the selected representative samples using the following system of equations:
%Lipids
%Collagen = ratio(Li :Col)
%Calci f ication
%Collagen = ratio(Ca :Col)
%Calci f ication
%Lipids = ratio(Ca : Li)
(2.3)
The resulting Poisson’s Ratio’s for each level of calcification in the atherosclerotic plaque can
be seen in table 2.4.
Table 2.4: Fractions of Biological Components in each representative sample and resulting Pois-
son’s Ratio
Lightly Calcified Moderately Calcified Heavily Calcified
Calcification 0.1629 0.2092 0.2344
Lipids 0.1252 0.1134 0.0801
Collagen 0.7117 0.6772 0.6854
Poisson’s Ratio 0.421 0.412 0.408
Chapter 3
Meshless Methods
For the development of this work two different meshless methods were used: the Radial Point
Interpolation Method and the Natural Neighbour Radial Point Interpolation Method. The present
chapter will have a brief description of the general meshless method procedure, followed by the
explanation of both these methods. By the end of it will also be presented the Radial Point Inter-
polation functions, which are used in both methods.
3.1 General Meshless Method Procedure
The generality of meshless methods follow the same steps in their algorithms. Firstly, as seen in
Figure 3.1.a), the outline on the problem is defined and the essential and natural boundaries are
identified. Afterwards the problem is discretized using either an regular or irregular nodal set, as
seen in Figure 3.7.b) and c).
The use of different kinds of nodal distributions will have an direct effect on the outcome
of the numerical analysis. An irregular mesh while it can often present a lower accuracy on its
general results, it can also enhance results on locations with predictable stress concentrations by
having a higher nodal density on those locations, as it is seen in the crack of 3.7.c). In order to
enhance results on these locations while not compromising the accuracy through out the problem’s
domain, the best approach is usually to use a regular mesh and to insert extra nodes on those spots.
After the problem’s domain has been discretized it is necessary to obtain the nodal connectivity.
Contrarily to FEM, where the nodal connectivity is established through the element’s mesh and
the node belonging to the same element interact between themselves, in meshless methods this
connectivity must be obtained, for example, by the overlapping of influence domains, as in the
RPIM, or the use of influence-cells, as it is seen in the NNRPIM. When it comes to the numerical
integration, this is made with a background integration mesh that can either be nodal dependent or
nodal independent, having the former a higher accuracy. Nodal dependent meshes, while allowing
for the method to be a truly meshless methods (as it only needs the spatial location of its nodes),
have the need for a stabilization method in order to achieve accurate results. The necessity for this
addition add up to the higher computational costs [73, 74, 75]. Finally the field variables under
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Figure 3.1: a) Problem domain with Essential and Natural boundaries applied. b) Regular nodal
discretization. c) Irregular nodal distribution.
study can be calculated with the use of either approximation or interpolation shape functions. In
the case of the RPIM and the NNRPIM, interpolation shape function are used that have has base a
combination of radial basis functions and polynomial basis functions.
3.2 Radial Point Interpolation Method
3.2.1 Influence-domains and nodal connectivity
As stated in the general meshless procedure, after the problem domain has been discretized with a
nodal set it is necessary to define the nodal connectivity of each node.
Before this connectivity can be obtained it is necessary to define areas containing a certain
amount of nodes, for any two-dimensional (2D) or three-dimensional (3D) problem, respectively.
These areas and volumes are called influence domains and can have either a fixed or variable sized.
On Figure 3.2 this is shown for a 2D domain.
The use of fixed size influence-domains can lead, as it is possible to see in Figure 3.8 a), to
an uneven number of nodes inside the influence-domains of different nodes. This phenomena can
greatly reduce the accuracy of the numerical method and therefore it is advised the use of variable
size influence-domains, as it can be seen in 3.2 b). By using this kind of influence-domains it is
ensured that they all contain the same amount of nodes, despite the node that it is being analysed,
allowing for the construction of shape function with equal levels of complexity. This amount is
not dependent on the density of the nodal discretization and after being defined, its value is valid
for all domain discretizations within the same analysis. In terms of recommended values, for 2D
problems it is recommended in the literature the use of between nine and sixteen nodes, while for
3D problems the recommended number is between twenty-seven and seventy nodes [27, 34, 42].
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Figure 3.2: a) Fixed size circular influence-domain. b) Variable size circular influence-domain.
3.2.2 Numerical Integration
Following the definition of nodal connectivity, the next step would be the numerical integration.
For the integration of the differential equations the RPIM uses the Gauss-Legendre integration
scheme being need, as it was stated above, a background integration mesh. For this integration
mesh it can be used either the cells created to connect the nodes that discretized the problem’s
domain (resulting in either quadrilateral or triangular cells), or a regular mesh larger than the
domain and whose integration points located outside the domain must be eliminated from the
computation. On Figure 3.3 it is possible to see an use of triangular cells in a) and the use of the
larger regular mesh in b).
Inside of each cell of the background integration mesh, being it triangular or quadrilateral, it
is possible to distribute integration points as seen in Figure 3.3 a) and b).
On tables 3.1 and 3.2 are displayed the locations and weights of the isoparametric integration
points for quadrilateral and triangular cells respectively. In Figures 3.4 and 3.5 is it shown the
representation of the integration point distribution seen on the tables.
After the integration points have been distributed in the isoparametric shape, the Cartesian
coordinates of the integration points are obtained using the following isoparametric interpolation
functions:
x=
m
∑
i=1
Ni(ξ ,η) · xiy=
m
∑
i=1
Ni(ξ ,η) · yi (3.1)
where m is the number of nodes that define the element and xi and yi are the cartesian co-
ordinates of the cells nodes. In Figure 3.6 can be seen a representation of this transformation.
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Figure 3.3: a) Triangular "cell" background mesh with 1 integration point. b) Quadrilateral grid
background mesh with 4 integration points.
(a) 1 Integration Point (b) 4 Integration Points (c) 9 Integration Points
Figure 3.4: Positioning of integration points for quadrilateral cells
(a) 1 Integration Point (b) 3 Integration Points (c) 4 Integration Points
Figure 3.5: Positioning of integration points for quadrilateral cells
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Table 3.1: Integration points coordinates and weights for quadrilateral "cells" [76]
Points ξ η Weight
a 0 0 4
a − 1√
3
− 1√
3
1
b + 1√
3
− 1√
3
1
c − 1√
3
+ 1√
3
1
d + 1√
3
+ 1√
3
1
a −
√
3
5 −
√
3
5
25
81
b 0 −
√
3
5
40
81
c +
√
3
5 −
√
3
5
25
81
d −
√
3
5 0
40
81
e 0 0 6481
f +
√
3
5 0
40
81
g −
√
3
5 +
√
3
5
25
81
h +
√
3
5 +
√
3
5
40
81
i +
√
3
5 +
√
3
5
25
81
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Table 3.2: Integration points coordinates and weights for triangular "cells" [76]
Points ξ η Weight
a 13
1
3
1
2
a 16
1
6
1
6
b 23
1
6
1
6
c 16
2
3
1
6
a 13
1
3 −2796
b 15
1
5
25
96
c 35
1
5
25
96
d 15
3
5
25
96
Figure 3.6: a) Transformation of the initial quadrilateral cell into a isoparametric square shape and
application of the 2x2 quadrature point rule followed by the return to the initial quadrilateral shape.
b) Transformation of the initial triangular cell into a isoparametric triangular shape and application
of the 3-point quadrature point rule followed by the return to the initial triangular shape.
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The Nodal shape functions (Ni) are define for quadrilaterals as:
N1(ξ ,η) = 14(1−ξ )(1−η)
N2(ξ ,η) = 14(1−ξ )(1+η)
N3(ξ ,η) = 14(1+ξ )(1+η)
N4(ξ ,η) = 14(1+ξ )(1−η)
(3.2)
, being for triangles defined as:
N1(ξ ,η) = 1−ξ −η
N2(ξ ,η) = η
N3(ξ ,η) = ξ
(3.3)
The integration weight of the integration point is obtained by multiplying the isoparametric
weight of correspondent the point with the Jacobian matrix determinant of the respective cell.
[J] =
(
∂x
∂ξ
∂x
∂η
∂y
∂ξ
∂y
∂η
)
(3.4)
The differential equation integration is finally done using,
∫ 1
−1
∫ 1
−1
f (x)dxdy=
m
∑
i=1
n
∑
i=1
ωiω j f (x) (3.5)
where ωi and ω jis the weight in each direction of the integration point x.
This integration method can be extrapolated for three dimensional problems using for this
tetrahedral solids instead.
3.3 Natural Neighbour Radial Point Interpolation Method
The NNRPIM is the result of the combination of the Radial Point Interpolators with the Natural
Neighbours geometric concept [21]. In this method the concept of influence-domain is exchanged
with the concept of "influence-cells". These "influence-cells" are based in the mathematical con-
cepts of the Voronoï diagrams and the Delaunay triangulation to establish the nodal connectivity of
each node, i.e. the influence-domain of a node is determined by the geometric and spatial relation
between the Voronoï cells obtained from the Voronoï diagram of the nodal-distribution [21]. The
Delauny triangulation is used to create a node-dependent background integration mesh for the nu-
merical integration of the shape functions. The NNRPIM interpolation functions use the Galerkin
weak, constructing them with a similar process to the RPIM.
3.3.1 Natural Neighbours
The natural neighbours concept was firstly introduced by Sibson [47] for data fitting and field
smoothing used in NNRPIM for nodal connectivity and creation of the integration mesh.
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Figure 3.7: a) Potential neighbour nodes of n0, b) Domain containing neighbour nodes of n0, c)
Voronoï cell for node n0 and d) Final Voronoï diagram [33]
Consider a nodal set N with N distinct nodes defined on an Euclidean space ℜ2.
N = {n1,n2, ...,nN} ∈ℜ2 (3.6)
The Voronoï diagram of N is the partition of the domain defined by N into sub-regions Vi,
closed and convex. Each sub-region Vi is associated to the node ni in a way that all the points
inside of Vi are closer to ni than any other node, n j.
In Figure 3.7 it is seen the construction of the sub-region V0. In Figure 3.7 a) one can see the
nodal set comprised of the n0 and its neighbours. From their position V0∗ is determined, by the
intersection of domains, whose limits are defined by the lines that intersect a potential neighbour
node and are normal to the line connecting that node to n0. The nodes present in the perimeter of
this domain are then considered neighbour nodes. From V0∗, as shown in Figure 3.7 c), we may
achieve the Voronoï cell V0, the homothetic form of V0∗. To obtain the remaining Voronoï cells a
similar procedure is applied to the other nodes resulting in Figure 3.7 d).
The Delaunay triangulation is obtained by connecting the nodes whose Voronoï cells share
common boundaries. Being the Delaunay triangulation the geometrical dual of the Voronoï dia-
gram, it is implied that a Delaunay edge exists if and only if their Voronoï cells have a common
edge. A relevant property of the Delauny triangles is the "empty circumcircle criterion" [77]. This
criterion states that if a set of nodes Nt =
{
n j,nk,nl
} ∈ N forms a Delauny triangle then the cir-
cumference formed by the triangle Nt , called natural neighbour circumcircles, contains no other
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Figure 3.8: (a) Initial Voronoï diagram, (b) Delaunay triangulation and (c) natural neighbour cir-
cumcircles [33]
node of the global nodal set N. On the center of this circumcircle its found the Voronoï cell vertex
(Figure 3.8).
In the NNRPIM the Voronoï diagram is used to create the influence-cells, enforcing the con-
nectivity between the nodes, while the duality between Voronoï cells and Delauny triangles is used
to construct a nodal-dependent background integration mesh.
3.3.2 Influence-cells and Nodal Connectivity Determination
In the NNRPIM we are considering the influence-cell, a new concept for nodal conectivity. These
cells, constructed based on the Voronoï diagram, work similarly to the influence domains, but in-
stead of nodal-conectivity being defined by the overlapping of influence domains this connectivity
is defined by the overlapping of influence-cells. These influence-cells are composed by a set of
n nodes that will contribute to the interpolation of the interest point. There are two distinct types
of influence-cells that are considered. On one hand, the first degree influence-cell is defined by
the interest point natural neighbours, as defined by the Voronoï diagram. On the other hand, the
second degree is formed by the same nodes that were considered in the first degree influence-cell,
to which are added the respective natural neighbours. Given their size difference it is expected that
the use of second-degree influence-cells create better numerical results [21].
3.3.3 Numerical Integration
As previously stated, the numerical integration of the NNRPIM is based in the Delauny triangula-
tion and Voronoï tesselation.
Using the geometrical construction reference above, sub-cells are defined by the partition of
Voronoï cells with the lines intersecting the central node and each of the natural neighbours. De-
pending of the use of irregular or regular meshes, the resulting partition will be quadrilateral or
triangular (Figure 3.9). As result the cell is divided into a number of sub-cells equal to the number
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Figure 3.9: (For the irregular mesh (a) Voronoï cell and the respective P intersection points, (b)
middle points M and the respective generated quadrilaterals, (c)obtained quadrilateral sub-cell.
For the regular mesh, (d) Voronoï cell and the respective P intersection points, (e) middle points
M and the respective generated triangles and (f) obtained triangular sub-cell [33]
of neighbour nodes. Consequently the area Av, the area of the cell, is equal to the sum of the area
of each sub-cell, Ai, as defined in the equation:
Av =
n
∑
i=1
Ai,∀Ai ≥ 0 (3.7)
If the set of Voronoï cells are a partition, without gaps, of the global domain then the same can
be said for the set of sub-cells. The numerical integration is then made using an ordered scheme
based on the Gauss-Legendre numerical integration [33].
3.3.3.1 Integration Scheme - order 0
The coordinates of each integration point will be calculated for each sub-cell, as shown in Figure
3.10 a) and d), being their corresponding weight the sub-cell’s area. Therefore, the area corre-
sponding to the triangular sub-cell is defined as:
AI4= abs
(
1
2
∣∣∣∣∣x2− x1 y2− y1x3− x1 y3− y1
∣∣∣∣∣
)
(3.8)
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Figure 3.10: (a) Quadrilateral shape and (d) triangular shape and the respective integration points
xI, (b) and (e) partition of the initial shape into quadrilaterals, (c) and (f) respective integration
points xI. [33]
and the area for the quadrilateral sub-cell:
AI−square = abs
(
1
2
∣∣∣∣∣x2− x1 y2− y1x3− x1 y3− y1
∣∣∣∣∣+ 12
∣∣∣∣∣x4− x1 y4− y1x3− x1 y3− y1
∣∣∣∣∣
)
. (3.9)
The procedure is similar to the 1 x 1 integration point Gauss-Legendre scheme for triangular
and quadrilateral shapes.
3.3.3.2 Integration Scheme - order 1
For a order 1 integration scheme the geometrical forms described before are again sub-divided,
however this subdivision is now only of quadrilateral shapes as seen in Figure 3.10 b) and e). In
each of these new sub-divisions the geometrical center is determined, as it consists of the integra-
tion, as well as the correspondent weight, obtained by application of the Integration Scheme of
order 0.
3.3.3.3 Integration Scheme - order k
Taking into account the quadrilateral shapes that resulted from the Integration Scheme of order 1,
a Gauss-Legendre quadrature scheme of k x k integration points is applied, Figure 3.11, and being
their integration weight defined by:
AI = wηwξ
(
Asquare
4
)
(3.10)
where Asquare is obtained from the Integration Scheme of order 0 for quadrilateral shapes and
wηwξ are the Gauss quadrature weights for an isoparametric quadrilateral element.
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Figure 3.11: (a) Initial quadrilateral, (b) transformation of the initial quadrilateral into an isopara-
metric square shape and application of the 6 ∗ 6 quadrature point rule and (c) return to the initial
quadrilateral shape. [33]
The above described 2D integration scheme is directly extended for the 3D space. In this
new setting, 3D Voronoï cells from irregular meshes will generate hexahedrons, while cells from
regular meshes will be sub-divided into tetrahedrons. Afterwards all the integration schemes can
be obtained by recreating the 2D procedure.
3.4 Shape Functions
In terms of Shape Functions both the RPIM and the NNRPIM use the same methodology, com-
bining two known methods, the moving least-square aproximants (MLS)[78] and the radial point
interpolators (RPI) [42, 43].
Assuming a function u(x) defined in the domain Ω, which is discretized by a set of N nodes.
It is considered that only the nodes inside the influence-cell of the point of interest xI have effect
over u(xI) and so the value of u(xI) at the point of interest xI is calculated by:
u(xI) =
n
∑
i=1
Ri(xI)ai(xI)+
m
∑
j=1
p j(xI)b j(xI) =
{
RT (xI), pT (xI)
}{a
b
}
(3.11)
where Ri(xI) is the Radial Basis Function (RBF), n is the number of nodes inside the influence-
cell of xI , p j(xI) defines the m monomials of the polynomial basis and ai(xI) and b j(xI) are the
respectively associated non-constant coefficients. In vector form, these can be represented by:
R(xI) = {R1(xI),R2(xI), ...,Rn(xI)}T (3.12)
p(xI) = {p1(xI), p2(xI), ..., pm(xI)}T (3.13)
a(xI) = {a1(xI),a2(xI), ...,an(xI)}T (3.14)
b(xI) = {b1(xI),b2(xI), ...,bm(xI)}T (3.15)
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To guaranty a stable function, the number of monomials of the polynomial basis (m) should
be inferior than the number of nodes present in the point of interest influence-cell (n).
Although the initial purpose of the addition of a polynomial basis into the radial point inter-
polator function formulation was to ensure its consistency, it was afterwards found [33] that this
addition was not required. These conclusions were reached by not finding a significant change
when comparing results from RPI functions with a constant polynomial basis and RPI functions
without any polynomial basis function. This allows for equation 3.11 to be simplified to:
u(xI) = RT (xI)a(xI) (3.16)
In the RBF the variable is the distance between the relevant node xI and the neighbour node
xi, represented as rIi. In 3D space its value can be obtained by:
rIi =
√
(xI− xi)2+(yI− yi)2+(zI− zi)2 (3.17)
The NNRPIM uses a different formulation of the RBF based in the multiquadric (MQ) function
proposed by Hardy [79]. The formulation of the MQ-RBF is as follows:
R(rIi) = (r2Ii+ c
2)p (3.18)
where c and p are two parameters whose optimal values were determined as 0.0001 and 1.0001,
respectively[80]. These values allow the RPI to have the delta Kronecker property and, as afore-
mentioned, an easier definition of the boundary conditions. Consequently, the newly obtained
equation is:
us = RQa (3.19)
where us is defined by:
us = {u1,u2, ...,un}T (3.20)
and the moment matrix of the RBF, RQ, is given by:
RQ =

R(r11) R(r12) ... R(r1n)
R(r21) R(r22) ... R(r2n)
...
...
...
R(rn1) R(rn2) ... R(rnn)
 (3.21)
Since according to its definition this equality will verify r ji = ri j and consequently R(r ji) =
R(ri j) will also be verified. Therefore the previous matrix will be symmetrical. Then, by substitu-
tion in equation 3.16:
u(xI) = RT (xI)RQus = ϕ(xI)us (3.22)
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Finally, the value of the interpolation function on the point of interest ϕ(xI), can then be
achieved by using:
ϕ(xI) = RT (xI)RQ = {ϕ1(xI),ϕ2(xI), ...,ϕn(xI)} (3.23)
3.5 Galerkin Weak Form
The Strong Form is the name given to the differential equations that model each studied phenom-
ena. The ideal scenario would be to always get an exact solution from a equation system based on
the Strong Form. Still, the generalization of strong form to account for demands of complex prob-
lems is a difficult task to achieve. Therefore, it is often chosen to use the Weak Form formulation
since a much more stable algebric equation system allowing for more precise solutions [81]. In
the case of the NNRPIM, it uses the Galerkin Weak Form.
Consider a body described by a domain Ω ⊂ℜ2 and bounded by Γ, where Γ ∈ Ω : Γu∪Γt =
Γ∧ Γu ∩ Γt = /0 , being Γu the body’s essential boundaries and Γt its natural boundaries. The
equilibrium equations governing the linear elastostatic problem are defined as ∇Λ+b = 0 in Ω,
where ∇ is the divergence operator, Λ the Cauchy stress tensor for a kinematically admissible
displacement field u and b the body force per unit volume. The boundary are obtained by Λn = t¯
on Γt and u = u¯ on Γu, being u¯ the prescribed displacement on the essential boundary Γu, t¯ the
traction on the natural boundary Γt and n the unit outward normal to the boundary of domain Ω.
With use of the Voigt notation and assuming the Galerkin method for linear elasticity, the weak
form for the discrete problem can be written as,
δL=
∫
Ω
δε Tσ dΩ−
∫
Ω
δuTbdΩ−
∫
Γt
δuT t¯dΓt = 0 (3.24)
Where ε is the strain vector defined as ε = Lu, being L the following differential operator:
L =
[
∂
∂x 0
∂
∂y
0 ∂∂y
∂
∂x
]T
(3.25)
The direct correlation of the stress field with the strain field is possible using Hooke’s Law:
σ = cε = cLu. Where c is the material constitutive matrix, obtained by inversion of the com-
pliance elasticity matrix, c = s−1. The compliance elasticity matrix s for the general anisotropic
material case for the plane stress and plane strain formulations is defined by:
sstress =

1
E11
− ν21E22 0
− ν12E11 1E22 0
0 0 1G12
 (3.26)
sstrain =

1−ν31ν13
E11
−ν21+ν31ν23E22 0
−ν12+ν312ν13E11
1−ν32ν23
E22
0
0 0 1G12
 (3.27)
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Being Ei j the elasticity modulus, νi j the material Poisson coefficient and Gi j the distortion
modulus in the material direction i and j.
For simplicity it will only be detailed the 2D Galerkin Weak form formulation. In a 2D prob-
lem considering the plane strain or the plane stress assumptions each node xi discretizing the
problem domain has two degrees of freedom: ui = {ui,vi}. Thus, in order to interpolate the virtual
displacement at the interest point xI , the interpolation equation can be written as,
δu(xI) = δuI = I
{
ΦI
ΦI
}
δus=
[
ϕI(xI) 0 · · · ϕn(xI) 0
0 ϕI(xI) · · · 0 ϕn(xI)
]

δuI
δνI
...
δun
δνn

=HIδus (3.28)
with I a 2× 2 identity matrix. Substituting ε = Lu in the first term of equation 3.24 and
considering the previous equation it is possible to formulate:
∫
Ω
δε Tσ dΩ=
∫
Ω
(Lδu)T c(Lu)dΩ=
∫
Ω
(LHIδus)T c(LHIδus)dΩ= (3.29)
=
∫
Ω
δuTs B
T
I cBIusdΩ= δu
T
s
∫
Ω
BTI cBIdΩu (3.30)
where BI is the resultant deformation matrix defined for the n nodes constituting the influence-
cell of interest point xI ,
BI =

∂ϕ1(xI)
∂x 0
∂ϕ2(xI)
∂x 0 · · · ∂ϕn(xI)∂x 0
0 ∂ϕ1(xI)∂y 0
∂ϕ2(xI)
∂y · · · 0 ∂ϕn(xI)∂y
∂ϕ1(xI)
∂y
∂ϕ1(xI)
∂x
∂ϕ2(xI)
∂y
∂ϕ2(xI)
∂x · · · ∂ϕn(xI)∂y ∂ϕn(xI)∂x
 (3.31)
Performing an analogous procedure on the second and third terms of equation 3.24 it can be
obtained the following force vectors,
∫
Ω
δuTbdΩ=
∫
Ω
(HIδus)TbdΩ= δuTs
∫
Ω
HTI bdΩ (3.32)
∫
Γt
δuT t¯dΓt =
∫
Γt
(HIδus)T t¯dΓt = δuTs
∫
Γt
HTI t¯dΓt (3.33)
Finally, equation 3.24 can be re-written as,
∂L= δuTs
∫
Ω
BTI cBIdΩ︸ ︷︷ ︸
K
u−δuTs
∫
Ω
HTI bdΩ︸ ︷︷ ︸
fb
−δuTs
∫
Γt
HTI t¯dΓt︸ ︷︷ ︸
ft
(3.34)
The eqatuin system can be written in the matrix form as Ku= f, where K is the stiffness matrix,
u is the displacement field vector and f is the vector of applied forces defined as f = fb+ ft . As the
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RPI shape function possess the delta Kronecker property, the essential boundary conditions may
be applied directly to the stiffness matrix [33]. After the displacement field has been determined
by solving the linear equation system K−1f = u, the strain in an interest point xI ∈ Ω can be
obtained with use of ε (xI) = Lu(xI). Afterwards it is then possible to determine the stress field
by considering Hooke’s Law, σ (xI) = c(xI)ε (xI). In order to determine the strain energy density
field for the considered load it is used the stress field and the strain field. The strain energy field at
any interest point xI is determined with,
U(xI) =
1
2
∫
Ω
σ (xI)T ε (xI)dΩI (3.35)
In addition, it can be obtained the three principal stresses σ(xI)i for each interest point xI ,
det(Λ(xI)−σ(xI)iI) = 0, and the three principal directions n(xI)i: (Λ(xI)−σ(xI)iI)n(xI)i = 0,
with Λ(xI) the Cauchy stress tensor obtained for the interest point and I being a 2× 2 identity
matrix. The three principal stresses σ(xI)i can then be used to obtain the von Mises effective
stress by applying the following expression:
σ¯(xI) =
√
1
2
((σ(xI)1−σ(xI)2)2+(σ(xI)2−σ(xI)3)2+(σ(xI)3−σ(xI)1)2) (3.36)
Chapter 4
Elasto-Plastic Formulation
The Atherosclerotic plaque, as many other organic tissues, has a very complex mechanical be-
haviour. In this work, as it has been stated before, this mechanical behaviour will be simplified
to a elasto-plastic model using a bi-linear approximation. In this chapter it will be address the
definition of an elastic-plastic material, the elsto-plastic formulation used for this work and the
non-linear solution method used to solve the equations derived from this formulation.
4.1 Elasto-Plastic Definition
A material with an elasto-plastic behaviour is, as the name states, one who possesses both elastic
and plastic properties. An elastic material is one that after being deformed from forces applied to
it, if those forces cease to exist it returns to its original size. On the other hand, a plastic material
is one whose deformations that the material undergoes due the application of forces (beyond the
material elastic limit) are non-reversible.
On Figure 4.1 it can be seen a stress-strain curve of a typical elasto-plastic behaviour. If it
would simply have a linear-elastic behaviour, as it is applied more stress it would be linearly de-
formed and follow the dotted line until Point A. As it is a elasto-plastic material it will show an
elastic behaviour until a certain point were, if surpassed it will start to experience plastic deforma-
tion. This threshold level is called the Yield Stress and it is marked on the Figure as σy.
By going over this threshold the strain increases more rapidly than in the elastic region and
any deformation that exists passed this point will be non-reversible. This can be seen as after
the material is taken until Point B it does not return to the origin but to point 0*. At this stage the
material has experienced a phenomena called hardening, where the material will need increasingly
higher stresses in order to have further plastic deformation. In this case, this material will only
experience further plastic-deformation after reaching Point B, being this its new Yield Point.
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Figure 4.1: Stress-strain curve (A- Linear Elastic Behaviour; B- Elasto-Plastic Behaviour)
4.2 Elasto-Plastic Formulation
In order to characterize the non-linear behaviour of an elasto-plastic material it is necessary to
define the mathematical law for the plastic component of the deformation. To do so, three aspects
should be addressed:
• a yield criterion, showing the stress level in terms of the stress tensor and indicating the
beginning of the plastic regime;
• a flow rule, characterizing how the deformation relates to stress after plastification;
• and a hardening rule, describing any interdependency between the yield criterion and the
plastic deformation [82].
The beginning of the plastic regime is defined by the yield criterion. The Yield Criterion is
usually defined as:
F(σ ,k) = f (σ )−σy(k) = 0 (4.1)
with σ being the stress tensor and k being the hardening parameter. The yield function is
shown as the scalar function f (σ ) and the yield stress, the stress limit for the elastic regime, is
shown as σy(k).
This Criterion defines that if the material’s stress state at any given point leads to f (σ )<σy(k),
then the material at that point is governed by the linear equations of the theory of elasticity [83].
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If, by the contrary, f (σ ) = σy(k) then the point its yielding and it will start to experience plastic
deformations. In this work it was used the Von Mises yield Criterion [84] that is defined as,
f (σ ) = σ¯ =
√
2
2
[
(σxx−σyy)2+(σyy−σzz)2+(σzz−σxx)2+6(τ2xy+ τ2yz+ τ2zx)
]0.5
(4.2)
This yield function can be worked with, resulting the the following expression:
f (σ ) = σ¯ =
[
σ2xx+σ
2
yy+σ
2
zz+σxxσyy+σyyσzz+σzzσxx+3τ
2
xy+3τ
2
yz+3τ
2
zx
]0.5
(4.3)
The flow rule, as mentioned before, is the mathematical formulation that will express which
will be the relation of strain and stress after the Yield Criterion as been met. In this work it was
considered an associated flow rule, in this case the Prandtl-Reuss flow rule. This flow rule is
defined as:
dε p = dλ
∂ f
∂σ
= dλa (4.4)
where dλ is the plastic rate multiplier and a is the flow vector, normal to the adopted yield
function, f, defined before. The flow vector can be presented as a= ∂ f/∂σ , where
a =
{
∂ f
∂σxx
∂ f
∂σyy
∂ f
∂σzz
∂ f
∂σxy
∂ f
∂σyz
∂ f
∂σzx
}T
(4.5)
From Hooke’s Law the following relation between the stress rate σ and the elastic strain rate
dε e is assumed:
dσ = cdε e = c(dε −dε p) (4.6)
in which dε is the total strain rate and dε p is the plastic strain rate. By considering the Prandtl-
Reuss flow rule and assuming that the yield surface (F(σ ,k)) only depends on the magnitude of the
applied principal stresses and of the hardening parameter k, the previous equation can be rewritten
as
dσ = c(dε −dλa) (4.7)
As the stress must not go pass the yield surface in order to occur plastic flow, the following
relation is defined:
dF =
∂ f
∂σ
dσ − ∂σY
∂k
= aTdσ −Adλ = 0 (4.8)
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where A is an hardening parameter dependent on the hardening rule [82]. This parameter is
defined by,
A=
1
dλ
∂σY
∂k
dk (4.9)
By applying equation 4.7 on equation 4.8 it is obtained:
dλ =
aT cdε
aT ca+A
(4.10)
With the introduction of the value of dλ into the equation 4.6, the stress rate can be written as:
dσ = cdε − a
T cdε
aT ca+A
· ca = (c− caa
T c
aT ca+A
)dε = ctdε (4.11)
in which ct is the tangential constitutive matrix. In this work the work hardening hypothesis
is employed [82] considering the associated flow rule in order to define explicitly the hardening
parameter A. As all of the materials studied in this work will be used as having a linear elastic-
linear plastic plastic hardening behaviour, the hardening parameter A can be defined as [82]:
A=
ETo
1− EToEo
(4.12)
where Eo is the elastic modulus and ETo the tangential modulus in the reference direction.
In this work the material behaviour is modelled as an incremental relation between the incre-
mental stress vector and the strain increment. The "backward-Euler" procedure [85] was consid-
ered in order to force the stress back to the yield surface.
As for the calculation of the non-linear solution, this was done resorting to the Newton-Rapson
initial stiffness method [82]. Using this algorithm the stiffness matrix is only calculated for the
first iteration of the first increment. A diagram of the algorithm implemented in the software used
for this work can be seen in Figure 4.2.
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Figure 4.2: Newton-Rapson based non-linear solution algorithm (adapted from [86])

Chapter 5
Preliminary Studies
Before analysing 2D and 3D models of arteries with Atherosclerotic Plaque, several preliminary
studies were made. The first objective of these studies was to analyse the convergence of the RPIM
and the NNRPIM when compared with FEM. The second objective was to stablish the mechanical
properties for the Atherosclerotic Plaque from experimental data present in the literature and after-
wards validate the accuracy of our simulations of this material. In this chapter it is shown a brief
introduction of the software used throughout this work, the convergence study made to validate
the numerical methods and the study of the accuracy of Atherosclerotic Plaque simulations.
5.1 Finite Element Meshless Method Analysis Software - FEMAS
FEMAS is a meshless computational framework developed at FEUP since 2014 by Prof. Jorge
Belinha. It is an original code implemented in the commercial software MATLAB that uses the
meshless formulations presented in Chapter 3 and the non-linear elasto-plastic analysis presented
in Chapter 4. Through a graphical user interface (GUI), this software allows for an easy construc-
tion of numerical models and their analysis using several different discretization techniques.
Figure 5.1: FEMAS Graphical User Interface
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In terms of numerical analysis, FEMAS allows for the use of the RPIM, the NNRPIM and
the FEM (this last method implemented for comparison purposes) and currently allows for the
following analysis:
• Linear Static Linear-Elastic;
• Non-Linear Elasto-Plastic;
• Non-Linear Large Deformations;
• Crack opening path;
• Free Vibration;
• Forced Vibration;
• Buckling;
• Static Fluid flow.
This framework is capable of performing simulations with isotropic and anisotropic materi-
als, as well as, making analysis both in 3D and 2D settings, using for this the classical three-
dimensional deformation theory and the plane stress and plane strain two-dimensional deformation
theory, respectively. FEMAS allows for the autonomous construction of the numerical models, al-
lowing the user to control the nodal discretization, material disposition and location of essential
and boundary conditions. All these tasks can be performed directly in the software without the
need to use any external CAD software. Nonetheless, meshes can also be created using other CAD
software and imported into FEMAS. For a linear elastic static analysis, FEMAS’s workflow can
be divided into three different stages: pre-processing, processing and post-processing. A brief
explanation of this workflow can be found in Figure 5.2. All the examples and simulation shown
in this work were made using the aforementioned software.
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Figure 5.2: Diagram of the different phases in the FEMAS workflow
5.2 Convergence Study
A convergence study was made to define which would be the level of discretization needed in
order to obtain the most accurate results in the following numerical simulations. For this con-
vergence study three different situations were analysed: compression, confined compression and
shear force. These three situations were studied both as 2D problems as well as 3D problems. The
results obtained with the meshless methods were compared with the solution obtained from FEM.
The FEM analysis was also done using two different kinds of elements, for 2D analysis it was
used triangular elements made with three (2D-T3) and six (2D-T6) nodes and for the 3D analysis
it was used tetrahedral elements with four (3D-T4) and ten (3D-T10) nodes. This allowed also
for the comparison of two different kinds of FEM analysis. In all the analysis, both meshless and
FEM, the nodes location was coincident.
In order to study the convergence of the methods several different meshes were used for each
example, being each one of them more refined than the other following a rule of 2n. For the 2D
analysis it was used a square model with a side equal to one meter. This model was discretized
with 9, 25, 81, 289 and 1089 nodes for each of the methods except for the FEM analysis with 6
nodes, where the analysis started directly with 25 nodes. This can be seen in Figure 5.3.
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(a) 9 nodes (b) 25 nodes (c) 81 nodes
(d) 289 nodes (e) 1089 nodes
Figure 5.3: 2D Nodal Distributions
For the 3D analysis it was used a cubical model with a side equal to one meter. This model
was discretized with 27, 125, 729 and 4913 nodes for each of the methods except for the FEM
analysis with 10 nodes, where the analysis started directly with 125 nodes. This can be seen in
Figure 5.4.
(a) 27 nodes (b) 125 nodes (c) 729 nodes
˜
(d) 4913 nodes
Figure 5.4: 3D Nodal Distributions (The FEM elements are also shown to help visualization)
All examples were considered as having a Young’s Modulus of 1000 Pa and a Poisson’s ratio
of 0.3. For the RPIM and the NNRPIM analysis it was used the parameters present on Table 5.1
and 5.2.
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Table 5.1: RPIM Parameters
RPIM
2D 3D
Nodes in the influence-domain: 27 Nodes in the influence-domain: 27
c = 1,42 c = 1,42
p = 1,03 p = 1,03
Polynomial Basis: Linear Polynomial Basis: Linear
Integration points: 1 per triangle Integration points: 1 per tetrahedron
Table 5.2: NNRPIM Parameters
NNRPIM
2D 3D
c = 0.0001 c = 0.0001
p = 0.9999 p = 0.9999
Influence-cell: Second Order Influence-cell: Second Order
Polynomial Basis: Constant Polynomial Basis: Constant
Integration points: 1 per sub-cell Integration points: 1 per sub-cell
5.2.1 2D Square Compression
For this example it was considered a solid domain ω ∈ ℜ2 with a form of a square of side 1
meter. To this solid domain it was applied the following constrains: u,v= 0 : ∀x ∈ℜ2∧y= 0 with
u = (u,v). An uniform force of 1 N was also applied for ∀x ∈ℜ2∧y= 1 with the direction (x,y)=
(0,1). A representation of this setting can be seen in Figure 5.5.
Figure 5.5: Square Plate under uniform compression
In this problem it was analysed the displacement in Oy, the Von Mises Stress, σxx and σyy. In
Figure 5.6 it is possible to see how each of this variables change as it discretization of the problem
increases. On those graphs, the value for the displacement in Oy was obtained at (x,y)=(0.5, 1)
and all the Stresses were obtained from (x,y)=(0.5, 0.5).
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(a) Displacement in Oy (b) Von Mises Stress
(c) Normal Stress in XX (σxx) (d) Normal Stress in YY (σyy)
Figure 5.6: 2D Square Compression Displacement and Stresses
Looking at the results we can clearly see that all the numerical methods follow the same
tendency in all of the analysed variables, as the discretization of the problem increases, still the
results have not still converged in a final converged value. Even so it is possible to see similar
results and progressions in these variables. These similarities can also be seen in the distribution
of Von Mises Stress Field, Figure 5.7. The Von Mises Stress Fields shown are the ones obtained
with the highest level of discretization.
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(a) FEM 2D-T3 (b) FEM 2D-T6
(c) RPIM (d) NNRPIM
Figure 5.7: 2D Compression Square Plate - Von Mises Stress Field (Axis Units: 0.1 m)
5.2.2 3D Cube Compression
For this example it was taken into consideration a solid domain ω ∈ℜ3 with a shape of cube with
size = 1m. This solid, similarly to the previous example, had the following constrains: u,v,w =
0 : ∀x,y ∈ ℜ3 ∧ z = 0 with u = (u,v,w). An uniform force of 1 N was applied to the solid for
∀x,y ∈ℜ3∧ z= 1 with the direction (x,y,z)= (0,0,1).
In this problem it was analysed the displacement in Oz, the Von Mises Stress, σxx, σyy, σzz, τxy,
τyz and τzx . In Figure 5.9 it is possible to see how each of this variables change as it discretization
of the problem increases. On those graphs, the value for the displacement in Oz was obtain from
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the central point at (x,y,z)=(0.5, 0.5 ,1) and all the stresses were obtained from the central point of
the squared plate (x,y,z)=(0.5, 0.5 ,1).
Looking at the results in Figure 5.9, we can clearly see that all the numerical methods follow
the same tendency in all the variables analysed as the discretization of the problem increases. It
is also possible to see that the results have all converged, except for FEM with 4 nodes in τzx
. In most of the variables analysed the numerical method appear to have almost converged at
around 1000 nodes. This convergence between all the numerical methods can also be seen in
the similarities between the distribution of Von Mises Stress Field, as seen in Figure 5.8. In this
Figure it is possible to see the distribution of Von Mises Stress Field in the simulation with the
higher discretization with a cross section of the cube at y=0.5.
(a) FEM 2D-T3 (b) FEM 2D-T6
(c) RPIM (d) NNRPIM
Figure 5.8: 3D Cube Compression - Von Mises Stress Field (Axis Units; 0.1 m)
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(a) Displacement in Oz (b) Von Mises Stress
(c) Normal Stress in XX (σxx) (d) Normal Stress in YY (σyy)
(e) Normal Stress in ZZ (σzz) (f) Shear Stress in XY (τxy)
(g) Shear Stress in YZ (τyz) (h) Shear Stress in ZX (τzx)
Figure 5.9: 3D Cube Compression Displacement and Stresses
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5.2.3 2D Square Confined Compression
For this example it was considered a solid domain ω ∈ ℜ2 with a form of a square of side 1
meter. To this solid domain it was applied the following constrains: u = 0 : ∀x ∈ ℜ2 ∧ y = 0
and v = 0 : ∀x ∈ ℜ2 ∧ (y = 0∨ y = 1) with u = (u,v). An uniform force of 1 N was applied at
∀x ∈ ℜ2 ∧ y = 1 with the direction (x,y)= (0,1). A representation of this setting can be seen in
Figure 5.10.
Figure 5.10: Square Plate under uniform compression
In this problem it was analysed the displacement in Oy, the Von Mises Stress, σxx and σyy
. In Figure 5.11 it is possible to see how each of this variables change as it discretization of the
problem increases. On those graphs, the value for the displacement in Oy was obtain at (x,y)=(0.5,
1) and all the Stresses were obtained from (x,y)=(0.5, 0.5).
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(a) Displacement in Oy (b) Von Mises Stress
(c) Normal Stress in XX (σxx) (d) Normal Stress in YY (σyy)
Figure 5.11: 2D Square Confined Compression Displacement and Stress
As seen in the previous examples, all the numerical methods follow the same tendency in all
the variables analysed as the discretization of the problem increases. It is also possible to see that
the results have not still converged in a value, but they are starting to. Although they have not
yet converged all the variables analysed show similar results for all numerical methods. These
similarities between all the numerical methods can also be seen in the distribution of Von Mises
Stress Field, as seen in Figure 5.12. The Von Mises Stress Fields shown are the ones obtained with
the highest level of discretization.
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(a) FEM 2D-T3 (b) FEM 2D-T6
(c) RPIM (d) NNRPIM
Figure 5.12: 2D Square Confined Compression - Von Mises Stress Field (Axis Units: 0.1 m)
5.2.4 3D Cube Confined Compression
For this example it was taken into consideration a solid domain ω ∈ℜ3 with a shape of cube with
size = 1m. This solid, similarly to the previous example, had the following constrains: w = 0 :
∀x,y ∈ ℜ3∧ z = 0, u = 0 : ∀y,z ∈ ℜ3∧ x = 0 and v = 0 : ∀x,z ∈ ℜ3∧ y = 0 with u = (u,v,w). It
was applied to this solid a uniform force of 1 N at ∀x,y ∈ ℜ3 ∧ z = 1 with the direction (x,y,z)=
(0,0,1).
In this problem it was analysed the displacement in Oz, the Von Mises Stress, σxx, σyy, σzz, τxy,
τyz and τzx . In Figure 5.14 it is possible to see how each of this variables change as it discretization
of the problem increases. On those graphs, the value for the displacement in Oz was obtain from
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the central point at (x,y,z)=(0.5, 0.5 ,1) and all the stresses were obtained from the central point of
the squared plate (x,y,z)=(0.5, 0.5 ,1).
Looking at the results we can clearly see that all the numerical methods follow the same
tendency in all the variables analysed as the discretization of the problem increases. It is also
possible to see that the results have all the numerical methods converged being, in most of the
variables analysed, this convergence seen at around 1000 nodes. This convergence between all
the numerical methods can also be seen in the similarities between the distribution of Von Mises
Stress Field, as seen in Figure 5.13. In this figure it is possible to see the distribution of Von Mises
Stress Field in the simulation with the higher discretization at a cross section of the cube, at the
plane y=0.5. By analysing this figures we can see that while throughout the solid all the stresses
are similar, in the FEM analysis we have some outliers near the corners of the solid, hence its
difference in color scale with the other numerical methods.
(a) FEM 2D-T3 (b) FEM 2D-T6
(c) RPIM (d) NNRPIM
Figure 5.13: 3D Cube Confined Compression - Von Mises Stress Field (Axis Units:0.1 m)
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(a) Displacement in Oz (b) Von Mises Stress
(c) Normal Stress in XX (σxx) (d) Normal Stress in YY (σyy)
(e) Normal Stress in ZZ (σzz) (f) Shear Stress in XY (τxy)
(g) Shear Stress in YZ (τyz) (h) Shear Stress in ZX (τzx)
Figure 5.14: 3D Cube Confined Compression Displacement and Stresses
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5.2.5 2D Square - Shear Force
For this example it was considered a solid domain ω ∈ ℜ2 with a form of a square of side 1
meter. To this solid domain it was applied the following constrains: u,v= 0 : ∀x ∈ℜ2∧y= 0 with
u= (u,v). It was also applied an uniform force of 1 N at ∀x ∈ℜ2∧y= 1 with the direction (x,y)=
(1,0). A representation of this setting can be seen in Figure 5.15.
Figure 5.15: Square Plate under an uniform shear force
In this problem it was analysed the displacement in Ox, the Von Mises Stress and τxy. In Figure
5.16 it is possible to see how each of this variables change as it discretization of the problem
increases. On those graphs, the value for the displacement in Ox was obtain at (x,y)=(0.5, 1) and
all the stresses were obtained from (x,y)=(0.5, 0.5).
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(a) Displacement in Ox
(b) Von Mises Stress
(c) Shear Stress in XY (τxy)
Figure 5.16: 2D Square with Shear Force - Displacement and Stresses
As in the previous 2D examples, the results clearly show that all the numerical methods follow
the same tendency in all of the analysed variables as the discretization of the problem increases.
while the results have not still converged in a value until this point, it is possible to see similar
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results and progressions in these variables. These similarities between all the numerical methods
can also be seen in the distribution of Von Mises Stress Field, as seen in Figure 5.17. The Von
Mises Stress Fields shown are the ones obtained with the highest level of discretization.
(a) FEM 2D-T3 (b) FEM 2D-T6
(c) RPIM (d) NNRPIM
Figure 5.17: 2D Square with Shear Force - Von Mises Stress Field (Axis Units: 0.1 m)
5.2.6 3D Cube -Shear Force
For this example it was taken into consideration a solid domain ω ∈ℜ3 with a shape of cube with
size = 1m. This solid, similarly to the previous example, had the following constrains: u,v,w =
0 : ∀x,y ∈ ℜ3 ∧ z = 0 with u = (u,v,w). It was applied to this solid a uniform force of 1 N at
∀x,y ∈ℜ3∧ z= 1 with the direction (x,y,z)= (0,0,1).
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In this problem it was analysed the displacement in X, the Von Mises Stress, σxx, σyy, σzz, τxy,
τyz and τzx . In Figure 5.19 it is possible to see how each of this variables change as it discretization
of the problem increases. On those graphs, the value for the displacement in Z was obtain from
the central point at (x,y,z)=(0.5, 0.5 ,1) and all the stresses were obtained from the central point of
the squared plate (x,y,z)=(0.5, 0.5 ,1).
Looking at the results we can clearly see that all the numerical methods follow the same
tendency in all the variables analysed as the discretization of the problem increases. It is also
possible to see that almost all the results have all the numerical methods converged being, in most
of the variables analysed, this convergence seen at around 1000 nodes. In the case of the FEM
analysis with 4 nodes elements (3D-T4), we can see that it does not converge as quickly as the
FEM analysis with 10 nodes elements or the meshless methods. This convergence between all
the numerical methods can also be seen in the similarities between the distribution of Von Mises
Stress Field, as seen in Figure 5.18. In this figure it is possible to see the distribution of Von Mises
Stress Field in the simulation with the higher discretization at a cross section of the cube, at the
plane y=0.5.
(a) FEM 2D-T3 (b) FEM 2D-T6
(c) RPIM (d) NNRPIM
Figure 5.18: 3D Cube with Shear Force - Von Mises Stress Field (Axis Units: 0.1 m)
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(a) Displacement in Ox (b) Von Mises Stress
(c) Normal Stress in XX (σxx) (d) Normal Stress in YY (σyy)
(e) Normal Stress in ZZ (σzz) (f) Shear Stress in XY (τxy)
(g) Shear Stress in YZ (τyz) (h) Shear Stress in ZX (τzy)
Figure 5.19: 3D Cube with Shear Force - Displacement and Stresses
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5.2.7 Conclusions
With the analysis of all the examples shown before it is concluded that the meshless methods
analysed present very similar results to FEM. The 2D Convergence study did not reach the nodal
discretization necessary for the studied variables to converge, yet the study could not be taken
further as number of nodes in the following mesh would not be supported by the used hardware.
In the following 2D examples it was either used the highest discretization square mesh studied,
in analysis were it was used a square domain, or used the highest number of nodes supported by
the hardware, in the analysis made with different meshes. As for the 3D Convergence study the
analysed variables reached convergence with a discretization level of around one thousand nodes.
5.3 Elasto-Plastic Simulation of Atherosclerotic Plaque Material
Before it was possible to simulate an artery containing atherosclerotic plaque, first it was required
to test the accuracy of the simulation for this tissue. This study was analysed as a 2D problem
under two different settings: compression and confined compression, similarly to the convergence
study. The results obtained with the numerical methods were compared between them and also
with the theoretical bi-linear approximation. Similarly to the convergence study two different FEM
analysis were made, one with triangular elements with 3 nodes (2D-T3) and one with triangular
elements with 6 nodes (2D-T6). The mesh used was a squared regular mesh with 1089 nodes,
as it was the level of discretization that showed the best results in the convergence study. The
parameters used for the RPIM and NNRPIM analysis were the same as for the previous study
(Table 5.1 and Table 5.2).
For each of the two configurations it was made one example using each of the three material
properties for the atherosclerotic plaque defined for this work: Lightly Calcified, Medially Calci-
fied or Highly Calcified. The values were calculated in Chapter 2 and can be seen in Table 5.3,
with a representation of the bi-linear approximation in Figure 5.20.
Table 5.3: Mechanical Properties of the Atherosclerotic Plaque
Lightly Calcified Medially Calcified Highly Calcified
E(MPa) 0.9167 1.0625 3.1429
Et (MPa) 0.1371 0.1833 0.0800
σy (MPa) 0.055 0.085 0.110
ν 0.421 0.412 0.408
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Figure 5.20: Theoretical Bi-linear Aproximation of Atherosclerotic Plaque Elasto-Plastic Be-
haviour
5.3.1 2D Compression
For this simulation it was taken into consideration a solid domain ω ∈ ℜ2 with a shape of cube
with side equal to 1m. This solid had the following constrains: u,v = 0 : ∀x,y ∈ℜ2∧ y = 0 with
u= (u,v). This solid was compressed at ∀x,y ∈ℜ3∧ z= 1 with the direction (x,y)= (0,1).
After the non-linear analysis was made, in each of the algorithm increments it was analysed
the Von Mises Stress and the Effective Strain on the point (x,y)=(0.5,0.5).
5.3.1.1 Lightly Calcified
In Figure 5.21 it can be seen the stress-strain lines obtained from the each of the numerical methods
and also the bi-linear approximation.
Figure 5.21: Elasto-Plastic Simulation Results - Compression - Lightly Calcified
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As it can be seen, there is a very good overlaying between all of the results obtained from
the numerical simulations, being it difficult to distinguish some of the numerical methods. When
comparing these results with the bi-linear approximation it is seen a very good accuracy of the
results in the elastic segment, while the numerical methods appear to start to sway away from the
approximation on the plastic segment.
5.3.1.2 Medially Calcified
In Figure 5.22 it can be seen the stress-strain lines obtained from the each of the numerical methods
and also the bi-linear approximation.
Figure 5.22: Elasto-Plastic Simulation Results - Compression - Medially Calcified
There is a very good overlaying between all of the results obtained from the numerical sim-
ulations, being it difficult to distinguish some of the numerical methods. When comparing these
results with the bi-linear approximation it appears to be a small deviation of the results in the elas-
tic segment and, as seen in the lightly calcified compression simulation, the numerical methods
results appear sway away from the approximation on the plastic segment.
5.3.1.3 Highly Calcified
In Figure 5.23 it can be seen the stress-strain lines obtained from the each of the numerical methods
and also the bi-linear approximation.
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Figure 5.23: Elasto-Plastic Simulation Results - Compression - Highly Calcified
As the figure shows, there is a very good overlaying between all of the results obtained from
the numerical simulations, being it difficult to distinguish some of the numerical methods. When
comparing these results with the bi-linear approximation it appears to be a good overlay of the
results in the elastic segment and, as seen in the previous examples, the numerical methods results
appear to deviate lightly from the approximation on the plastic segment.
5.3.2 2D Confined Compression
For this simulation it was taken into consideration a solid domain ω ∈ ℜ2 with a shape of cube
with side equal to 1m. This solid had the following constrains: u = 0 : ∀x ∈ ℜ2 ∧ y = 0 and
v= 0 : ∀x ∈ℜ2∧ (y= 0∨ y= 1) with u = (u,v). This solid was compressed at ∀x,y ∈ℜ3∧ z= 1
with the direction (x,y)= (0,1).
After the non-linear analysis was made, in each of the algorithm increments it was analysed
the Von Mises Stress and the Effective Strain on the point (x,y)=(0.5,0.5).
5.3.2.1 Lightly Calcified
In Figure 5.24 it can be seen the stress-strain lines obtained from the each of the numerical methods
and also the bi-linear approximation.
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Figure 5.24: Elasto-Plastic Simulation Results - Confined Compression - Lightly Calcified
The results show a very good overlaying between all the numerical methods, being it difficult
to distinguish some of the them. When comparing these results with the bi-linear approximation
it is seen a very good accuracy of the results in both the plastic segment and elastic segment.
5.3.2.2 Medially Calcified
In Figure 5.25 it can be seen the stress-strain lines obtained from the each of the numerical methods
and also the bi-linear approximation.
Figure 5.25: Elasto-Plastic Simulation Results - Confined Compression - Medially Calcified
As in the previous analysis, there is a very good overlaying between all of the results obtained
from the numerical simulations, being it difficult to distinguish some of the numerical methods. In
terms of the overlay of the numerical methods results with the bi-linear approximation, it is seen
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a very good accuracy of the results in the plastic segment, while they have small deviation away
from the approximation on the elastic segment.
5.3.2.3 Highly Calcified
In Figure 5.26 it can be seen the stress-strain lines obtained from the each of the numerical methods
and also the bi-linear approximation.
Figure 5.26: Elasto-Plastic Simulation Results - Confined Compression - Highly Calcified
As it has been shown in previous examples, there is a very good overlaying between all of
the results obtained from the numerical simulations, being it difficult to distinguish the numerical
methods. In terms of the overlay of the numerical methods results with the bi-linear approxima-
tion, it is seen a very good accuracy of the results in the plastic segment, while they have small
deviation away from the approximation on the plastic segment.
5.3.3 Conclusions
When analysing all the data from all this examples it can be said that all the numerical methods
were consistent, showing a very good overlay between them in all the simulations. In terms of the
two different constrains that were tested, while in there is a good overlay in all the examples, the
confined compression constrains, given the small deviation on the elastic part and good adjustment
on the plastic segment, appear to have the better results and so provide a better approximation of
the experimental data.

Chapter 6
Atherosclerotic Plaque Analysis
The Atherosclerotic plaque is a tissue created from the deposition of organic substances on arteries
and from the immune response those substances generate. It is a tissue with mechanical properties
distinct from the artery and that, as a result of the disease’s progression, stiffens the arterial walls
and provokes stenosis. The current chapter will address the formulation of the problem at hand
and how it was formulated. Afterwards it will continue with the analysis of several 2D models
showing different stages of the disease and finish with its comparison with results obtained from
two different 3D models.
6.1 Problem Description
In this analysis it is going to be taken into account several models of arteries depicting different
stages of the disease. Theses models, besides the atherosclerotic plaque, will contain the three
characteristic layers of the artery (adventitia, media and intima) and also areas of damaged media,
damaged intima and intima fibrous cap. The damaged intima and damaged media tissues will be
located in the area between the adventitia and the atherosclerotic plaque. As for the intima fibrous
cap, this will be the tissue that will stay between the atherosclerotic plaque and the lumen. In
Figure 6.1, it can be seen a graphical representation of a typical artery with atherosclerosis base in
the literature [65].
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(a) Atherosclerotic Artery [65] (b) Schematic representation of an Atherosclerotic
Artery. I- Adventitia; II- Media; III- Intima; IV-
Damaged Media; V- Damaged Intima; VI- Intima
Fibrous Cap; VII- Atherosclerotic Plaque
Figure 6.1: Atherosclerotic Artery Examples
As for the artery’s dimension, since all the atherosclerotic plaque mechanical data was from
femoral arteries, its diameter was taken as 9mm [87]. In terms of the thickness of the layers of
the arterial wall, as it revealed to be difficult to find values from femoral arteries, this values were
also based in information from carotid arteries and thickness relations between layers [88, 89].
The adventitia was defined as having the same thickness as the complex intima-media (0.75 mm)
and the media and intima as having the same thickness (0.375 mm). While in reality the intima
is much thinner than the media, it was define in this way as a simplification in order to reduce
problems that could happen with its discretization.
In the literature it can be seen that the atherosclerotic plaque can present different configura-
tions, having just some speckled calcifications or a larger diffuse tissue [90], and so four different
configurations were tested in the 2D elasto-plastic analysis. A first model with a thin segmented
plaque, a second model with a continuous thin plaque and a third and fourth models showing
increasing levels of stenosis. A diagram of all these models can be seen in Figure 6.2.
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(a) 2D Model I - Segmented Plaque) (b) 2D Model II - Thin Plaque
(c) 2D Model III - Medium Thickness Plaque (d) 2D Model IV - High Thickness Plaque
Figure 6.2: Diagrams of the 2D atherosclerotic arteries models
The models created only represent half of an artery, being applied to them symmetry condi-
tions at x=4.5. In all the 2D numerical simulations, besides the symmetry constrains, the point
(x,y)=(4.5,0) was also fixed and an uniform static force was applied into the lumen of the artery.
For the 3D Elasto-plastic analysis there were created two different models representing a con-
tinuous atherosclerotic plaque with two different levels of stenosis, one third and two thirds. To
created these models a profile of the arteries was created and revolved ninety degrees, being it
afterwards tested under symmetry conditions. The profile of the two models can be seen in Figure
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6.3.
(a) 3D Model I - 1/3 Stenosis)
(b) 3D Model II - 2/3 Stenosis
Figure 6.3: Diagrams of profile for the 3D atherosclerotic arteries models - Ozx view
All models were analysed using the RPIM, the NNRPIM, the FEM with triangular elements of
3 nodes for the 2D models and the FEM with tetrahedral elements of 4 nodes for the 3D models.
Besides this, all the models were also analysed with each of the atherosclerotic plaque mechanical
properties referenced before. The mechanical properties of the tissues present in these analysis are
defined as stated in Chapter 2.
6.2 2D Elasto-Plastic Analysis
6.2.1 2D Model I
For this example it was taken into consideration a solid domain ω ∈ℜ2 representing a atheroscle-
rotic artery containing a thin segmented plaque. It was applied to the domain symmetry constrains
and fixed the node (x,y)=(4.5,0). The numerical model was designed using 3908 nodes and was
analysed using three different numerical methods (FEM, RPIM and NNRPIM). An image of the
nodal distribution used can be seen in Figure 6.4
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Figure 6.4: 2D Model of Artery with Atherosclerotic Plaque - Stage I (Axis Units: 1 mm)
The von Mises Stress field and Effective Plastic Strain Field were analysed for each of the
atherosclerotic plaque set of material properties. Besides this, it was also analysed the displace-
ment in Oy in specific interface nodes between tissues. The location of these nodes can be seen in
the diagram of Figure 6.22. The displacement seen was analysed against the pressure applied in
the artery’s lumen.
Figure 6.5: 2D Model Stage I - Points location
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6.2.1.1 Lightly Calcified
The following plots represent the relation between the internal luminal pressure and the displace-
ment seen in points C, D, E and F.
(a) Displacement obtained using FEM
(b) Displacement obtained using RPIM
(c) Displacement obtained using NNRPIM
Figure 6.6: 2D Model I - Lightly Calcified - Displacement in Oy vs. Luminal Pressure
The following von Mises Stress Fields and Effective Plastic Strain Fields were also obtained.
It can be seen 3 different stages of the plastic deformation progression starting when the Yield
Pressure was met.
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(a) von Mises Tension - Luminal Pressure = 0.05
MPa (color bar up to 0.22 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.05 MPa (no significant values)
(c) von Mises Tension - Luminal Pressure = 0.09
MPa (color bar up to 0.4 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.09 MPa (color bar up to 0.12)
(e) von Mises Tension - Luminal Pressure = 0.135
MPa (color bar up to 0.6 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.135 MPa (color bar up to 0.3)
Figure 6.7: 2D Artery Model I - Lightly Calcified Atherosclerotic Plaque - FEM (Axis Units: 1
mm)
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(a) von Mises Tension - Luminal Pressure = 0.05
MPa (color bar up to 0.3 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.05 MPa (color bar up to 0.04)
(c) von Mises Tension - Luminal Pressure = 0.09
MPa (color bar up to 0.5 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.09 MPa (color bar up to 0.2)
(e) von Mises Tension - Luminal Pressure = 0.135
MPa (color bar up to 0.7 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.135 MPa (color bar up to 0.45)
Figure 6.8: 2D Artery Model I - Lightly Calcified Atherosclerotic Plaque - RPIM (Axis Units: 1
mm)
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(a) von Mises Tension - Luminal Pressure = 0.05
MPa (color bar up to 0.25 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.05 MPa (color bar up to 0.03)
(c) von Mises Tension - Luminal Pressure = 0.09
MPa (color bar up to 0.45 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.09 MPa (color bar up to 0.2)
(e) von Mises Tension - Luminal Pressure = 0.135
MPa (color bar up to 0.6 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.135 MPa (color bar up to 0.45)
Figure 6.9: 2D Artery Model I - Lightly Calcified Atherosclerotic Plaque - NNRPIM (Axis Units:
1 mm)
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6.2.1.2 Moderately Calcified
The following plots represent the relation between the internal luminal pressure and the displace-
ment seen in points C, D, E and F.
(a) Displacement obtained using FEM
(b) Displacement obtained using RPIM
(c) Displacement obtained using NNRPIM
Figure 6.10: 2D Model I - Moderately Calcified - Displacement in Oy vs. Luminal Pressure
The following von Mises Stress Fields and Effective Plastic Strain Fields were also obtained.
It can be seen 3 different stages of the plastic deformation progression starting when the Yield
Pressure was met.
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(a) von Mises Tension - Luminal Pressure = 0.75
MPa (color bar up to 0.3 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.075 MPa (no significant values)
(c) von Mises Tension - Luminal Pressure = 0.14
MPa (color bar up to 0.6 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.14 MPa (color bar up to 0.18)
(e) von Mises Tension - Luminal Pressure = 0.2
MPa (color bar up to 0.9 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.2 MPa (color bar up to 0.35)
Figure 6.11: 2D Artery Model I - Medially Calcified Atherosclerotic Plaque - FEM (Axis Units:
1 mm)
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(a) von Mises Tension - Luminal Pressure = 0.75
MPa (color bar up to 0.45 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.075 MPa (color bar up to 0.04)
(c) von Mises Tension - Luminal Pressure = 0.14
MPa (color bar up to 0.7 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.14 MPa (color bar up to 0.25)
(e) von Mises Tension - Luminal Pressure = 0.2
MPa (color bar up to 1.1 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.2 MPa (color bar up to 0.45)
Figure 6.12: 2D Artery Model I - Medially Calcified Atherosclerotic Plaque - RPIM (Axis Units:
1 mm)
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(a) von Mises Tension - Luminal Pressure = 0.75
MPa (color bar up to 0.35 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.075 MPa (color bar up to 0.04)
(c) von Mises Tension - Luminal Pressure = 0.14
MPa (color bar up to 0.6 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.14 MPa (color bar up to 0.25)
(e) von Mises Tension - Luminal Pressure = 0.2
MPa (color bar up to 1 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.2 MPa (color bar up to 0.5)
Figure 6.13: 2D Artery Model I - Medially Calcified Atherosclerotic Plaque - NNRPIM (Axis
Units: 1 mm)
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6.2.1.3 Heavily Calcified
The following plots represent the relation between the internal luminal pressure and the displace-
ment seen in points C, D, E and F.
(a) Displacement obtained using FEM
(b) Displacement obtained using RPIM
(c) Displacement obtained using NNRPIM
Figure 6.14: 2D Model I - Heavily Calcified - Displacement in Oy vs. Luminal Pressure
The following von Mises Stress Fields and Effective Plastic Strain Fields were also obtained.
It can be seen 3 different stages of the plastic deformation progression starting when the Yield
Pressure was met.
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(a) von Mises Tension - Luminal Pressure = 0.45
MPa (color bar up to 0.2 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.045 MPa (no significant values)
(c) von Mises Tension - Luminal Pressure = 0.075
MPa (color bar up to 0.35 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.075 MPa (color bar up to 0.09)
(e) von Mises Tension - Luminal Pressure = 0.1
MPa (color bar up to 0.4 5MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.1 MPa (color bar up to 0.16)
Figure 6.15: 2D Artery Model I - Highly Calcified Atherosclerotic Plaque - FEM (Axis Units: 1
mm)
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(a) von Mises Tension - Luminal Pressure = 0.45
MPa (color bar up to 0.25 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.045 MPa (color bar up to 0.011)
(c) von Mises Tension - Luminal Pressure = 0.075
MPa (color bar up to 0.4 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.075 MPa (color bar up to 0.09)
(e) von Mises Tension - Luminal Pressure = 0.1
MPa (color bar up to 0.55 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.1 MPa (color bar up to 0.2)
Figure 6.16: 2D Artery Model I - Highly Calcified Atherosclerotic Plaque - RPIM (Axis Units: 1
mm)
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(a) von Mises Tension - Luminal Pressure = 0.45
MPa (color bar up to 0.24 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.045 MPa (color bar up to 0.012)
(c) von Mises Tension - Luminal Pressure = 0.075
MPa (color bar up to 0.35 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.075 MPa (color bar up to 0.1)
(e) von Mises Tension - Luminal Pressure = 0.1
MPa (color bar up to 0.5 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.1 MPa (color bar up to 0.25)
Figure 6.17: 2D Artery Model I - Highly Calcified Atherosclerotic Plaque - NNRPIM (Axis Units:
1 mm)
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6.2.1.4 Discussion
It is possible to see in Figures 6.6, 6.10 and 6.14, that points whose displacement is only affected
by elastic materials, as it is the case of points C and F, show a linear displacement relation with
the luminal pressure. In comparison to these, points D and E whose displacement is affected by
the atherosclerotic plaque show a non-linear progression as the pressure increases.
In Figure 6.18 it can be seen a comparison of the effects of each level of calcification on the
displacement of point E. The results appear to be similar between methods showing a small devi-
ation between them starting at around 0.06 MPa. While this results do not show very clearly the
effect of atheroscletotic plaque material properties, this can be seen when analysing the distance
between point E and F, seen in Figure 6.19. From the measurements of the E-F distance is seen
increase in stiffness of the material as the level of calcification increases and also the change in
the behaviour as the material started to suffer plastic deformations. This can be supported by the
Effective Plastic Strain fields shown before for each set of material properties in Figures 6.7, 6.8,
6.9, 6.11, 6.12, 6.13, 6.15, 6.16 and 6.17.
If it taken into account a normal systolic blood pressure (0.01867 MPa) [91], the highest
pressure experienced on a cardiac cycle, the results show that none of the atherosclerotic plaques
would experience plastic deformations.
As for the von Mises Tension fields, they show a accumulation of stress in the interface be-
tween the damaged media and the healthy media. It is important to state that this behaviour is
an effect of the sudden change of material properties between the tissues, where in a real artery
this transition would be smoothed. Even so, it can also be seen in these fields an accumulation of
tensions in the intima’s luminal wall that is an effect of the high pressures the arteries has been
subjected in order for the atherosclerotic plaque to suffer plastic deformation.
In terms of the performance of the numerical methods, the results are coherent and similar
between them. In Figure 6.20 it can be seen a comparison of the displacement of point E obtained
from three numerical methods with each set of material properties. As the plot show, there is a
good overlay between the RPIM and NNRPIM, while it appears to exist a small deviation when
compared to the FEM results.
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(a) Displacement obtained using FEM
(b) Displacement obtained using RPIM
(c) Displacement obtained using NNRPIM
Figure 6.18: 2D Model I - Comparison of Displacements of Point E in different levels of calcifi-
cation
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(a) Displacement obtained using FEM
(b) Displacement obtained using RPIM
(c) Displacement obtained using NNRPIM
Figure 6.19: 2D Model I - Comparison of length of segment FE
6.2 2D Elasto-Plastic Analysis 83
(a) Displacement obtained with the Lightly Calcified material properties
(b) Displacement obtained with the Moderately Calcified material proper-
ties
(c) Displacement obtained with the Heavily Calcified material properties
Figure 6.20: 2D Model I - Comparison of displacement of point E with different numerical meth-
ods
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6.2.2 2D Model II
For this example it was taken into consideration a solid domain ω ∈ℜ2 representing a atheroscle-
rotic artery containing a thin segmented plaque. It was applied to the domain symmetry constrains
and fixed the node (x,y)=(4.5,0). The numerical model was designed using 4097 nodes and was
analysed using three different numerical methods (FEM, RPIM and NNRPIM). An image of the
nodal distribution used can be seen in Figure 6.21
Figure 6.21: 2D Model of Artery with Atherosclerotic Plaque - Stage II (Axis Units: 1 mm)
The von Mises Stress field and Effective Plastic Strain Field were analysed for each of the
atherosclerotic plaque set of material properties. Besides this, it was also analysed the displace-
ment in Oy in specific interface nodes between tissues. The location of these nodes can be seen in
the diagram of Figure 6.22. The displacement seen was analysed against to the pressure applied
in the artery’s lumen.
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Figure 6.22: 2D Model Stage II - Points location
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6.2.2.1 Lightly Calcified
The following plots represent the relation between the internal luminal pressure and the displace-
ment seen in points C, D, E and F.
(a) Displacement obtained using FEM
(b) Displacement obtained using RPIM
(c) Displacement obtained using NNRPIM
Figure 6.23: 2D Model II - Lightly Calcified - Displacement in Oy vs. Luminal Pressure
The following von Mises Stress Fields and Effective Plastic Strain Fields were also obtained.
It can be seen 3 different stages of the plastic deformation progression starting when the Yield
Pressure was met.
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(a) von Mises Tension - Luminal Pressure = 0.055
MPa (color bar up to 0.3 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.055 MPa (no significant values)
(c) von Mises Tension - Luminal Pressure = 0.09
MPa (color bar up to 0.55 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.09 MPa (color bar up to 0.16)
(e) von Mises Tension - Luminal Pressure = 0.145
MPa (color bar up to 0.9 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.145 MPa (color bar up to 0.4)
Figure 6.24: 2D Artery Model II - Lightly Calcified Atherosclerotic Plaque - FEM (Axis Units: 1
mm)
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(a) von Mises Tension - Luminal Pressure = 0.05
MPa (color bar up to 0.35 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.05 MPa (color bar up to 0.03)
(c) von Mises Tension - Luminal Pressure = 0.09
MPa (color bar up to 0.55 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.09 MPa (color bar up to 0.2)
(e) von Mises Tension - Luminal Pressure = 0.145
MPa (color bar up to 0.9 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.145 MPa (color bar up to 0.45)
Figure 6.25: 2D Artery Model II - Lightly Calcified Atherosclerotic Plaque - RPIM (Axis Units:
1 mm)
6.2 2D Elasto-Plastic Analysis 89
(a) von Mises Tension - Luminal Pressure = 0.05
MPa (color bar up to 0.25 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.05 MPa (color bar up to 0.045)
(c) von Mises Tension - Luminal Pressure = 0.09
MPa (color bar up to 0.4 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.09 MPa (color bar up to 0.2)
(e) von Mises Tension - Luminal Pressure = 0.145
MPa (color bar up to 0.7 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.145 MPa (color bar up to 0.5)
Figure 6.26: 2D Artery Model II - Lightly Calcified Atherosclerotic Plaque - NNRPIM (Axis
Units: 1 mm)
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6.2.2.2 Moderately Calcified
The following plots represent the relation between the internal luminal pressure and the displace-
ment seen in points C, D, E and F.
(a) Displacement obtained using FEM
(b) Displacement obtained using RPIM
(c) Displacement obtained using NNRPIM
Figure 6.27: 2D Model I - Moderately Calcified - Displacement int Oy vs. Luminal Pressure
The following von Mises Stress Fields and Effective Plastic Strain Fields were also obtained.
It can be seen 3 different stages of the plastic deformation progression starting when the Yield
Pressure was met.
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(a) von Mises Tension - Luminal Pressure = 0.08
MPa (color bar up to 0.45 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.08 MPa (no significant values)
(c) von Mises Tension - Luminal Pressure = 0.15
MPa (color bar up to 0.9 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.15 MPa (color bar up to 0.2)
(e) von Mises Tension - Luminal Pressure = 0.22
MPa (color bar up to 1.2 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.22 MPa (color bar up to 0.4)
Figure 6.28: 2D Artery Model II - Medially Calcified Atherosclerotic Plaque - FEM (Axis Units:
1 mm)
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(a) von Mises Tension - Luminal Pressure = 0.08
MPa (color bar up to 0.5 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.08 MPa (color bar upto 0.035)
(c) von Mises Tension - Luminal Pressure = 0.15
MPa (color bar up to 0.9 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.15 MPa (color bar up to 0.25)
(e) von Mises Tension - Luminal Pressure = 0.22
MPa (color bar up to 1.2 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.22 MPa (color bar up to 0.5)
Figure 6.29: 2D Artery Model II - Medially Calcified Atherosclerotic Plaque - RPIM (Axis Units:
1 mm)
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(a) von Mises Tension - Luminal Pressure = 0.08
MPa (color bar up to 0.4 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.08 MPa (color bar upto 0.05)
(c) von Mises Tension - Luminal Pressure = 0.15
MPa (color bar up to 0.7 MPa)
(d) Effective Plastic Strain - LuminalLuminal
Pressure = 0.15 MPa (color bar up to 0.3)
(e) von Mises Tension - Lumen Pressure = 0.22
MPa (color bar up to 1 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.22 MPa (color bar up to 0.6)
Figure 6.30: 2D Artery Model II - Medially Calcified Atherosclerotic Plaque - NNRPIM (Axis
Units: 1 mm)
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6.2.2.3 Heavily Calcified
The following plots represent the relation between the internal luminal pressure and the displace-
ment seen in points C, D, E and F.
(a) Displacement obtained using FEM
(b) Displacement obtained using RPIM
(c) Displacement obtained using NNRPIM
Figure 6.31: 2D Model II - Heavily Calcified - Displacement in Oy vs. Luminal Pressure
The following von Mises Stress Fields and Effective Plastic Strain Fields were also obtained.
It can be seen 3 different stages of the plastic deformation progression starting when the Yield
Pressure was met.
6.2 2D Elasto-Plastic Analysis 95
(a) von Mises Tension - Luminal Pressure = 0.055
MPa (color bar up to 0.3 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.055 MPa (no significant values)
(c) von Mises Tension - Luminal Pressure = 0.08
MPa (color bar up to 0.5 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.08 MPa (color bar up to 0.12)
(e) von Mises Tension - Luminal Pressure = 0.125
MPa (color bar up to 0.7 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.125 MPa (color bar up to 0.35)
Figure 6.32: 2D Artery Model II - Highly Calcified Atherosclerotic Plaque - FEM (Axis Units: 1
mm)
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(a) von Mises Tension - Luminal Pressure = 0.055
MPa (color bar up to 0.35 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.055 MPa (color bar up to 0.025)
(c) von Mises Tension - Luminal Pressure = 0.08
MPa (color bar up to 0.5 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.08 MPa (color bar up to 0.1)
(e) von Mises Tension - Luminal Pressure = 0.125
MPa (color bar up to 0.7 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.125 MPa (color bar up to 0.4)
Figure 6.33: 2D Artery Model II - Highly Calcified Atherosclerotic Plaque - RPIM (Axis Units: 1
mm)
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(a) von Mises Tension - Luminal Pressure = 0.055
MPa (color bar up to 0.3 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.055 MPa (color bar up to 0.006)
(c) von Mises Tension - Luminal Pressure = 0.08
MPa (color bar up to 0.4 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.08 MPa (color bar up to 0.16)
(e) von Mises Tension - Luminal Pressure = 0.125
MPa (color bar up to 0.6 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.125 MPa (color bar up to 0.5)
Figure 6.34: 2D Artery Model II - Highly Calcified Atherosclerotic Plaque - NNRPIM (Axis
Units: 1 mm)
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6.2.2.4 Discussion
As in the previous model, Figures 6.23, 6.27 and 6.31 show the variation of the displacement in
Oy as the luminal pressure rises. In these one can see a linear relation between the variables for
points C and F, as their displacement is only affected by elastic materials. In comparison, points D
and E whose displacement is affected by the atherosclerotic plaque show a non-linear progression
as the pressure increases.
In Figure 6.35 it is compared the effects of each level of calcification on the displacement
of point E. The results appear to be consistent among the numerical methods showing a small
deviation between them starting around 0.06 MPa. While this results do not show the effect of
atheroscletotic plaque material properties, they are more clearly seen with the analisys of the
distance between point E and F, seen in Figure 6.36. The variation on this distance showed an
increase in the material’s stiffness as the level of calcification increases, as well as the expected
change in behaviour as the material entered in plastic regime. This plastic state can also be seen in
the Effective Plastic Strain fields shown before, in Figures 6.24, 6.25, 6.26, 6.28, 6.29, 6.30, 6.32,
6.33 and 6.34. As with the previous model, at normal systolic blood pressure (0.01867 MPa) [91]
none of the atherosclerotic plaques would experience plastic deformations.
The von Mises Tension fields present, as seen in the previous example, a accumulation of
tension in the interface between the damaged media and the healthy media. This behaviour is an
effect of the sudden change of material properties between the tissues, which is not realistic. On
the other hand the accumulation of tensions in the intima’s luminal wall is an effect of the high
pressures the arteries was being subjected in order for the atherosclerotic plaque to suffer plastic
deformation.
The three numerical methods results are coherent and similar between them. In Figure 6.37
it can be seen a comparison of the displacement of point E obtained from three numerical meth-
ods with each set of material properties. As the plot show, there is a good overlay between all
numerical methods being it almost perfect on the analysis with the Moderately Calcified Plaque.
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(a) Displacement obtained using FEM
(b) Displacement obtained using RPIM
(c) Displacement obtained using NNRPIM
Figure 6.35: 2D Model II - Comparison of Displacements of Point E in different levels of calcifi-
cation
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(a) Displacement obtained using FEM
(b) Displacement obtained using RPIM
(c) Displacement obtained using NNRPIM
Figure 6.36: 2D Model II - Comparison of length of segment FE
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(a) Displacement obtained with the Lightly Calcified material properties
(b) Displacement obtained with the Moderately Calcified material proper-
ties
(c) Displacement obtained with the Heavily Calcified material properties
Figure 6.37: 2D Model II - Comparison of displacement of point E with different numerical
methods
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6.2.3 2D Model III
For this example it was taken into consideration a solid domain ω ∈ℜ2 representing a atheroscle-
rotic artery containing a thin segmented plaque. It was applied to the domain symmetry constrains
and fixed the node (x,y)=(4.5,0). The numerical model was designed using 4097 nodes and was
analysed using three different numerical methods (FEM, RPIM and NNRPIM). An image of the
nodal distribution used can be seen in Figure 6.38
Figure 6.38: 2D Model of Artery with Atherosclerotic Plaque - Stage III (Axis Units: 1 mm)
The von Mises Stress field and Effective Plastic Strain Field were analysed for each of the
atherosclerotic plaque set of material properties. Besides this, it was also analysed the displace-
ment in Oy in specific interface nodes between tissues. The location of these nodes can be seen in
the diagram of Figure 6.39. The displacement seen was analysed against to the pressure applied
in the artery’s lumen.
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Figure 6.39: 2D Model Stage III - Points location
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6.2.3.1 Lightly Calcified
The following plots represent the relation between the internal luminal pressure and the displace-
ment seen in points C, D, E and F.
(a) Displacement obtained using FEM
(b) Displacement obtained using RPIM
(c) Displacement obtained using NNRPIM
Figure 6.40: 2D Model III - Lightly Calcified - Displacement in Oy vs. Luminal Pressure
The following von Mises Stress Fields and Effective Plastic Strain Fields were also obtained.
It can be seen 3 different stages of the plastic deformation progression starting when the Yield
Pressure was met.
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(a) von Mises Tension - Luminal Pressure = 0.05
MPa (color bar up to 0.22 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.05 MPa (no significant values)
(c) von Mises Tension - Luminal Pressure = 0.095
MPa (color bar up to 0.4 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.095 MPa (color bar up to 0.16)
(e) von Mises Tension - Luminal Pressure = 0.135
MPa (color bar up to 0.6 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.135 MPa (color bar up to 0.3)
Figure 6.41: 2D Artery Model III - Lightly Calcified Atherosclerotic Plaque - FEM (Axis Units:
1 mm)
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(a) von Mises Tension - Luminal Pressure = 0.05
MPa (color bar up to 0.3 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.05 MPa (color bar up to 0.035)
(c) von Mises Tension - Luminal Pressure = 0.095
MPa (color bar up to 0.55 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.095 MPa (color bar up to 0.2)
(e) von Mises Tension - Luminal Pressure = 0.135
MPa (color bar up to 0.7 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.135 MPa (color bar up to 0.4)
Figure 6.42: 2D Artery Model III - Lightly Calcified Atherosclerotic Plaque - RPIM (Axis Units:
1 mm)
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(a) von Mises Tension - Luminal Pressure = 0.05
MPa (color bar up to 0.25 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.05 MPa (color bar up to 0.04)
(c) von Mises Tension - Luminal Pressure = 0.095
MPa (color bar up to 0.45 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.095 MPa (color bar up to 0.25)
(e) von Mises Tension - Luminal Pressure = 0.135
MPa (color bar up to 0.6 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.135 MPa (color bar up to 0.45)
Figure 6.43: 2D Artery Model III - Lightly Calcified Atherosclerotic Plaque - NNRPIM (Axis
Units: 1 mm)
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6.2.3.2 Moderately Calcified
The following plots represent the relation between the internal luminal pressure and the displace-
ment seen in points C, D, E and F.
(a) Displacement obtained using FEM
(b) Displacement obtained using RPIM
(c) Displacement obtained using NNRPIM
Figure 6.44: 2D Model III - Moderately Calcified - Displacement in Oy vs. Luminal Pressure
The following von Mises Stress Fields and Effective Plastic Strain Fields were also obtained.
It can be seen 3 different stages of the plastic deformation progression starting when the Yield
Pressure was met.
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(a) von Mises Tension - Luminal Pressure = 0.07
MPa (color bar up to 0.3 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.07 MPa (no significant values)
(c) von Mises Tension - Luminal Pressure = 0.13
MPa (color bar up to 0.6 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.13 MPa (color bar up to 0.18)
(e) von Mises Tension - Luminal Pressure = 0.19
MPa (color bar up to 0.8 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.19 MPa (color bar up to 0.3)
Figure 6.45: 2D Artery Model III - Medially Calcified Atherosclerotic Plaque - FEM (Axis Units:
1 mm)
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(a) von Mises Tension - Luminal Pressure = 0.07
MPa (color bar up to 0.45 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.07 MPa (color bar up to 0.03)
(c) von Mises Tension - Luminal Pressure = 0.13
MPa (color bar up to 0.7 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.13 MPa (color bar up to 0.2)
(e) von Mises Tension - Luminal Pressure = 0.19
MPa (color bar up to 1.1 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.19 MPa (color bar up to 0.4)
Figure 6.46: 2D Artery Model III - Medially Calcified Atherosclerotic Plaque - RPIM (Axis Units:
1 mm)
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(a) von Mises Tension - Luminal Pressure = 0.07
MPa (color bar up to 0.35 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.07 MPa (color bar up to 0.04)
(c) von Mises Tension - Luminal Pressure = 0.13
MPa (color bar up to 0.6 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.13 MPa (color bar up to 0.25)
(e) von Mises Tension - Luminal Pressure = 0.19
MPa (color bar up to 0.9 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.19 MPa (color bar up to 0.5)
Figure 6.47: 2D Artery Model III - Medially Calcified Atherosclerotic Plaque - NNRPIM (Axis
Units: 1 mm)
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6.2.3.3 Heavily Calcified
The following plots represent the relation between the internal luminal pressure and the displace-
ment seen in points C, D, E and F.
(a) Displacement obtained using FEM
(b) Displacement obtained using RPIM
(c) Displacement obtained using NNRPIM
Figure 6.48: 2D Model III - Heavily Calcified - Displacement in Oy vs. Luminal Pressure
The following von Mises Stress Fields and Effective Plastic Strain Fields were also obtained.
It can be seen 3 different stages of the plastic deformation progression starting when the Yield
Pressure was met.
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(a) von Mises Tension - Luminal Pressure = 0.045
MPa (color bar up to 0.22 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.045 MPa (no significant values)
(c) von Mises Tension - Luminal Pressure = 0.085
MPa (color bar up to 0.4 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.085 MPa (color bar up to 0.14)
(e) von Mises Tension - Luminal Pressure = 0.125
MPa (color bar up to 0.55 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.125 MPa (color bar up to 0.25)
Figure 6.49: 2D Artery Model III - Highly Calcified Atherosclerotic Plaque - FEM (Axis Units: 1
mm)
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(a) von Mises Tension - Luminal Pressure = 0.045
MPa (color bar up to 0.3 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.045 MPa (color bar up to 0.012)
(c) von Mises Tension - Luminal Pressure = 0.085
MPa (color bar up to 0.5 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.085 MPa (color bar up to 0.18)
(e) von Mises Tension - Luminal Pressure = 0.125
MPa (color bar up to 0.7 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.125 MPa (color bar up to 0.35)
Figure 6.50: 2D Artery Model III - Highly Calcified Atherosclerotic Plaque - RPIM (Axis Units:
1 mm)
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(a) von Mises Tension - Luminal Pressure = 0.045
MPa (color bar up to 0.25 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.045 MPa (color bar up to 0.012)
(c) von Mises Tension - Luminal Pressure = 0.085
MPa (color bar up to 0.45 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.085 MPa (color bar up to 0.2)
(e) von Mises Tension - Luminal Pressure = 0.125
MPa (color bar up to 0.6 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.125 MPa (color bar up to 0.4)
Figure 6.51: 2D Artery Model III - Highly Calcified Atherosclerotic Plaque - NNRPIM (Axis
Units: 1 mm)
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6.2.3.4 Discussion
In Figures 6.40, 6.44 and 6.48, it can be seen that points whose displacement is only affected by
elastic materials, as it is the case of point C and F, show a linear displacement relation with the
luminal pressure. Similarly to previous examples, points D and E have their movement affected
by the atherosclerotic plaque and , as this model presents a thicker plaque, they start to show more
clear non-linear progression in their displacement as the pressure increases. By comparison of
these graphs, as shown in Figure 6.52, it is possible to see that the atherosclerotic plaque differ-
ences in yield stress start to be seen more distinctly. The Lightly Calcified plaque starts to yield
at around 0.06 MPa and the Medially and Heavily Calcified Plaques start to show that change at
around 0.1 MPa.
The analysis of the distance between point E and F evidences this even further, seen in Figure
6.53. The results clearly show an increase in the stiffness of the material as the level of calcifica-
tion increases. In this case the results show, at it would be expect, the yield point of the lightly,
moderately and heavily calcified plaques at around 0.055 MPa, 0.085 MPa and 0.11 MPa, respec-
tivily. As with the previous models, at normal systolic blood pressure (0.01867 MPa) [91] none of
the atherosclerotic plaques would experience plastic deformations.
In the von Mises Stress Fields and the Effective Plastic Strain Fields images (Figures 6.41,
6.42, 6.43, 6.45, 6.46, 6.47, 6.49, 6.50 and 6.51) it can be seen that, as it should be expected, the
tensions inside the atherosclerotic plaque are higher near the lumen, showing also a higher level of
plastic deformation. It can also be see in the fields obtained from the heavily calcified plaque that
the plastic deformations appear to start the lateral side of the plaque were the thickness is smaller
and as the pressure rises start to affect a more central area. As with the previous examples the
von Mises Tension fields show a non-realistic accumulation of tension in the interface between the
damaged media and the healthy media.
In Figure 6.54 it can be seen a comparison of the displacement of point E obtained from
three numerical methods with each set of material properties. As it can be seen with the previous
examples, the results are coherent and similar between them.
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(a) Displacement obtained using FEM
(b) Displacement obtained using RPIM
(c) Displacement obtained using NNRPIM
Figure 6.52: 2D Model III - Comparison of Displacements of Point E in different levels of calcifi-
cation
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(a) Displacement obtained using FEM
(b) Displacement obtained using RPIM
(c) Displacement obtained using NNRPIM
Figure 6.53: 2D Model III - Comparison of length of segment FE
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(a) Displacement obtained with the Lightly Calcified material properties
(b) Displacement obtained with the Moderately Calcified material proper-
ties
(c) Displacement obtained with the Heavily Calcified material properties
Figure 6.54: 2D Model III - Comparison of displacement of point E with different numerical
methods
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6.2.4 2D Model IV
For this example it was taken into consideration a solid domain ω ∈ℜ2 representing a atheroscle-
rotic artery containing a thin segmented plaque. It was applied to the domain symmetry constrains
and fixed the node (x,y)=(4.5,0). The numerical model was designed using 4097 nodes and was
analysed using three different numerical methods (FEM, RPIM and NNRPIM). An image of the
nodal distribution used can be seen in Figure 6.55
Figure 6.55: 2D Model of Artery with Atherosclerotic Plaque - Stage IV (Axis Units: 1 mm)
The von Mises Stress field and Effective Plastic Strain Field were analysed for each of the
atherosclerotic plaque set of material properties. Besides this, it was also analysed the displace-
ment in Y in specific interface nodes between tissues. The location of these nodes can be seen in
the diagram of Figure 6.56. The displacement seen was analysed against to the pressure applied
in the artery’s lumen.
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Figure 6.56: 2D Model Stage IV - Points location
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6.2.4.1 Lightly Calcified
The following plots represent the relation between the internal luminal pressure and the displace-
ment seen in points C, D, E and F.
(a) Displacement obtained using FEM
(b) Displacement obtained using RPIM
(c) Displacement obtained using NNRPIM
Figure 6.57: 2D Model IV - Lightly Calcified - Displacement in Oy vs. Luminal Pressure
The following von Mises Stress Fields and Effective Plastic Strain Fields were also obtained.
It can be seen 3 different stages of the plastic deformation progression starting when the Yield
Pressure was met.
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(a) von Mises Tension - Luminal Pressure = 0.04
MPa (color bar up to 0.22 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.04 MPa (no significant values)
(c) von Mises Tension - Luminal Pressure = 0.075
MPa (color bar up to 0.4 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.075 MPa (color bar up to 0.09)
(e) von Mises Tension - Luminal Pressure = 0.105
MPa (color bar up to 0.6 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.105 MPa (color bar up to 0.18)
Figure 6.58: 2D Artery Model IV - Lightly Calcified Atherosclerotic Plaque - FEM (Axis Units:
1 mm)
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(a) von Mises Tension - Luminal Pressure = 0.04
MPa (color bar up to 0.2 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.04 MPa (color bar up to 0.012)
(c) von Mises Tension - Luminal Pressure = 0.075
MPa (color bar up to 0.4 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.075 MPa (color bar up to 0.1
(e) von Mises Tension - Luminal Pressure = 0.105
MPa (color bar up to 0.6 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.105 MPa (color bar up to 0.25)
Figure 6.59: 2D Artery Model IV - Lightly Calcified Atherosclerotic Plaque - RPIM (Axis Units:
1 mm)
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(a) von Mises Tension - Luminal Pressure = 0.04
MPa (color bar up to 0.25 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.04 MPa (color bar up to 0.016)
(c) von Mises Tension - Luminal Pressure = 0.075
MPa (color bar up to 0.4 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.075 MPa (color bar up to 0.12
(e) von Mises Tension - Luminal Pressure = 0.105
MPa (color bar up to 0.55 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.105 MPa (color bar up to 0.25)
Figure 6.60: 2D Artery Model IV - Lightly Calcified Atherosclerotic Plaque - NNRPIM (Axis
Units: 1 mm)
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6.2.4.2 Moderately Calcified
The following plots represent the relation between the internal luminal pressure and the displace-
ment seen in points C, D, E and F.
(a) Displacement obtained using FEM
(b) Displacement obtained using RPIM
(c) Displacement obtained using NNRPIM
Figure 6.61: 2D Model IV - Moderately Calcified - Displacement in Oy vs. Luminal Pressure
The following von Mises Stress Fields and Effective Plastic Strain Fields were also obtained.
It can be seen 3 different stages of the plastic deformation progression starting when the Yield
Pressure was met.
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(a) von Mises Tension - Luminal Pressure = 0.06
MPa (color bar up to 0.3 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.06 MPa (no significant values)
(c) von Mises Tension - Luminal Pressure = 0.105
MPa (color bar up to 0.6 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.105 MPa (color bar up to 0.1)
(e) vonvon Mises Tension - Luminal Pressure =
0.15 MPa (color bar up to 0.8 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.15 MPa (color bar up to 0.18)
Figure 6.62: 2D Artery Model IV - Medially Calcified Atherosclerotic Plaque - FEM (Axis Units:
1 mm)
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(a) Von Mises Tension - Luminal Pressure = 0.06
MPa (color bar up to 0.3 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.06 MPa (color bar up to 0.016)
(c) von Mises Tension - Luminal Pressure = 0.105
MPa (color bar up to 0.6 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.105 MPa (color bar up to 0.11)
(e) von Mises Tension - Luminal Pressure = 0.15
MPa (color bar up to 0.8 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.15 MPa (color bar up to 0.25)
Figure 6.63: 2D Artery Model IV - Medially Calcified Atherosclerotic Plaque - RPIM (Axis Units:
1 mm)
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(a) von Mises Tension - Luminal Pressure = 0.06
MPa (color bar up to 0.35 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.06 MPa (color bar up to 0.02)
(c) von Mises Tension - Luminal Pressure = 0.105
MPa (color bar up to 0.6 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.105 MPa (color bar up to 0.12)
(e) von Mises Tension - Luminal Pressure = 0.15
MPa (color bar up to 0.8 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.15 MPa (color bar up to 0.25)
Figure 6.64: 2D Artery Model IV - Medially Calcified Atherosclerotic Plaque - NNRPIM (Axis
Units: 1 mm)
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6.2.4.3 Heavily Calcified
The following plots represent the relation between the internal luminal pressure and the displace-
ment seen in points C, D, E and F.
(a) Displacement obtained using FEM
(b) Displacement obtained using RPIM
(c) Displacement obtained using NNRPIM
Figure 6.65: 2D Model IV - Heavily Calcified - Displacement in Oy vs. Luminal Pressure
The following von Mises Stress Fields and Effective Plastic Strain Fields were also obtained.
It can be seen 3 different stages of the plastic deformation progression starting when the Yield
Pressure was met.
6.2 2D Elasto-Plastic Analysis 131
(a) von Mises Tension - Luminal Pressure = 0.035
MPa (color bar up to 0.2 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.035 MPa (no significant values)
(c) von Mises Tension - Luminal Pressure = 0.06
MPa (color bar up to 0.35 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.06 MPa (color bar up to 0.05)
(e) von Mises Tension - Luminal Pressure = 0.09
MPa (color bar up to 0.5 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.09 MPa (color bar up to 0.15)
Figure 6.66: 2D Artery Model IV - Highly Calcified Atherosclerotic Plaque - FEM (Axis Units: 1
mm)
132 Atherosclerotic Plaque Analysis
(a) von Mises Tension - Luminal Pressure = 0.035
MPa (color bar up to 0.2 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.035 MPa (color bar up to 0.006)
(c) von Mises Tension - Luminal Pressure = 0.06
MPa (color bar up to 0.35 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.06 MPa (color bar up to 0.06)
(e) von Mises Tension - Luminal Pressure = 0.09
MPa (color bar up to 0.5 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.09 MPa (color bar up to 0.12)
Figure 6.67: 2D Artery Model IV - Highly Calcified Atherosclerotic Plaque - RPIM (Axis Units:
1 mm)
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(a) von Mises Tension - Luminal Pressure = 0.035
MPa (color bar up to 0.22 MPa)
(b) Effective Plastic Strain - Luminal Pressure =
0.035 MPa (color bar up to 0.007)
(c) von Mises Tension - Luminal Pressure = 0.06
MPa (color bar up to 0.35 MPa)
(d) Effective Plastic Strain - Luminal Pressure =
0.06 MPa (color bar up to 0.05)
(e) von Mises Tension - Luminal Pressure = 0.09
MPa (color bar up to 0.5 MPa)
(f) Effective Plastic Strain - Luminal Pressure =
0.09 MPa (color bar up to 0.15)
Figure 6.68: 2D Artery Model IV - Highly Calcified Atherosclerotic Plaque - NNRPIM (Axis
Units: 1 mm)
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6.2.4.4 Discussion
In Figures 6.57, 6.61, as it was seen with all other 2D arterial models, the points C and F have
their displacement only affected by elastic materials and therefore show a linear displacement
relation with the luminal pressure. In comparison, points D and E whose displacement is affected
by the atherosclerotic plaque start to show more clearly a non-linear progression as the pressure
increases. This non-linear behaviour is not seen in Figure 6.65 obtained from a heavily calcified
atherosclerotic plaque. This stands from the fact that, as seen in the Effective Plastic Strain fields
and von Mises Stress Fields (Figures 6.58, 6.59, 6.60, 6.62, 6.63, 6.64, 6.66, 6.67 and 6.68), given
the large thickness of the central part of the plaque compared to its lateral areas, it still hasn’t
started experiencing plastic deformation and it seen a concentration of stresses in that lateral areas.
When looking at the comparison between the deformation of point E in each plaque (Figure
6.69) and the variation in distance between point E and F for each plaque (Figure 6.70) it is seen,
as in the previous examples, the non-linear behaviour of the atherosclerotic plaque with plastic
deformation starting around the expected yield point, with the exception of the highly calcified
atherosclerotic plaque on which that pressure wasn’t reached. In this model is also possible to see
that at normal systolic blood pressure (0.01867 MPa) [91] none of the atherosclerotic plaques had
experienced plastic deformations.
Once again the von Mises Tension fields show a accumulation of tension in the interface be-
tween the damaged media and the healthy media due to the sudden change of material properties
between the tissues. It can also be seen here an accumulation of tensions in the intima’s lumi-
nal wall that is an effect of the high pressures the arteries was been subjected in order for the
atherosclerotic plaque to suffer plastic deformation.
As it can be seen by comparison of the three numerical methods, the results are coherent and
similar between them. In Figure 6.71 it can be seen a comparison of the displacement of point E
obtained from three numerical methods with each set of material properties.
When comparing now between the results obtained for each model in terms of displacement
of point E (Figures 6.72, 6.73, 6.74) it can be seen that, as the thickness of the plaque rises
the displacement achieve for the same luminal pressure in each material becomes smaller. This
effect is most seen more significantly when when analysing the results for a heavily calcified
atherosclerotic plaque. From these results it would be possible to infer that has the atherosclerotic
plaque becomes thicker, even though the material properties might not change, the plaque becomes
more stiff.
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(a) Displacement obtained using FEM
(b) Displacement obtained using RPIM
(c) Displacement obtained using NNRPIM
Figure 6.69: 2D Model IV - Comparison of Displacements of Point E in different levels of calci-
fication
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(a) Displacement obtained using FEM
(b) Displacement obtained using RPIM
(c) Displacement obtained using NNRPIM
Figure 6.70: 2D Model IV - Comparison of length of segment FE
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(a) Displacement obtained with the Lightly Calcified material properties
(b) Displacement obtained with the Moderately Calcified material proper-
ties
(c) Displacement obtained with the Heavily Calcified material properties
Figure 6.71: 2D Model IV - Comparison of displacement of point E with different numerical
methods
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(a) Displacement obtained with FEM
(b) Displacement obtained with RPIM
(c) Displacement obtained with NNRPIM
Figure 6.72: Comparison between 2D Models - Displacement of Point E - Lightly Calcified Plaque
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(a) Displacement obtained with FEM
(b) Displacement obtained with RPIM
(c) Displacement obtained with NNRPIM
Figure 6.73: Comparison between 2D Models - Displacement of Point E - Moderately Calcified
Plaque
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(a) Displacement obtained with FEM
(b) Displacement obtained with RPIM
(c) Displacement obtained with NNRPIM
Figure 6.74: Comparison between 2D Models - Displacement of Point E - Heavily Calcified
Plaque
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6.3 3D Analysis
6.3.1 3D Model I
For this example it was taken into consideration a solid domain ω ∈ℜ3 representing a atheroscle-
rotic artery containing a plaque inducing an stenosis of a third of the lumen diameter. The plaque
simulated is a continuous plaque extending through the complete radius of the artery. Due to the
natural symmetry of the simplified model, only 1/8 of the artery was analysed. It was applied to
the domain symmetry constrains. The numerical model was designed using 3951 nodes and was
analysed using three different numerical methods (FEM, RPIM and NNRPIM). An image of the
nodal distribution used can be seen in Figure 6.75
Figure 6.75: 3D Model of Artery with Atherosclerotic Plaque - Model I
The von Mises Stress field were analysed for each of the atherosclerotic plaque set of material
properties on the thicker end of the atherosclerotic plaque. The longitudinal view of the model
under each of the conditions was also analysed in order to study the effect of the transition to the
diseased area. Besides this, it was also analysed the displacement in Oz in specific interface nodes
between tissues at two different positions of the model. The location of these nodes can be seen
in the diagram of Figure 6.76, where S1 is the first position analysed and S2 the second. The
displacement seen was analysed against to the pressure applied in the artery’s lumen.
Figure 6.76: 3D Model Stage I - Points location - View Oxz
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6.3.1.1 Lightly Calcified
For a Lightly Calcified atherosclerotic plaque, the following von Mises stress fields and Effective
Plastic Strain Fields were obtained. This fields were obtained at the highest luminal pressure of
each numerical analysis.
(a) von Mises Tension - FEM - Luminal Pressure
= 0.096 MPa (color bar up to 0.4 MPa)
(b) Effective Plastic Strain - FEM - Luminal Pres-
sure = 0.096 MPa (color bar up to 0.1)
(c) von Mises Tension - RPIM - Luminal Pressure
= 0.10 MPa (color bar up to 0.45 MPa)
(d) Effective Plastic Strain - RPIM - Luminal Pres-
sure = 0.10 MPa (color bar up to 0.12)
(e) von Mises Tension - NNRPIM - Luminal Pres-
sure = 0.11 MPa (color bar up to 0.6 MPa)
(f) Effective Plastic Strain - NNRPIM - Luminal
Pressure = 0.11 MPa (color bar up to 0.1)
Figure 6.77: 3D Artery Model I - Lightly Calcified Atherosclerotic Plaque - Cross-section at the
Highest Stenosis point
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In the following figure we can see a deformed longitudinal view of the von Mises Tension
Field.
(a) Result obtained from FEM (color bar up to 0.7 MPa)
(b) Result obtained with RPIM (color bar up to 0.8 MPa)
(c) Result obtained with NNRPIM (color bar up to 1.0 MPa)
Figure 6.78: 3D Model I - Deformed Longitudinal view with von Mises Tension Field - Lightly
Calcified Plaque
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6.3.1.2 Moderately Calcified
For a Moderately Calcified atherosclerotic plaque, the following von Mises stress fields and Effec-
tive Plastic Strain Fields were obtained. This fields were obtained at the highest luminal pressure
of each numerical analysis.
(a) von Mises Tension - FEM - Luminal Pressure
= 0.12 MPa (color bar up to 0.5 MPa)
(b) Effective Plastic Strain - FEM - Luminal Pres-
sure = 0.12 MPa (color bar up to 0.1)
(c) von Mises Tension - RPIM - Luminal Pressure
= 0.13 MPa (color bar up to 0.6 MPa)
(d) Effective Plastic Strain - RPIM - Luminal Pres-
sure = 0.13 MPa (color bar up to 0.15)
(e) von Mises Tension - NNRPIM - Luminal Pres-
sure = 0.14 MPa (color bar up to 0.8 MPa)
(f) Effective Plastic Strain - NNRPIM - Luminal
Pressure = 0.14 MPa (color bar up to 0.14)
Figure 6.79: 3D Artery Model I - Moderately Calcified Atherosclerotic Plaque - Cross-section at
the Highest Stenosis point
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In the following figure we can see a deformed longitudinal view of the von Mises Tension
Field.
(a) Result obtained from FEM (color bar up to 1.0 MPa)
(b) Result obtained with RPIM (color bar up to 1.2 MPa)
(c) Result obtained with NNRPIM (color bar up to 1.4 MPa)
Figure 6.80: 3D Model I - Deformed Longitudinal view with von Mises Tension Field - Moder-
ately Calcified Plaque
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6.3.1.3 Heavily Calcified
For a Heavily Calcified atherosclerotic plaque, the following von Mises stress fields and Effective
Plastic Strain Fields were obtained. This fields were obtained at the highest luminal pressure of
each numerical analysis.
(a) von Mises Tension - FEM - Luminal Pressure
= 0.07 MPa (color bar up to 0.22 MPa)
(b) Effective Plastic Strain - FEM - Luminal Pres-
sure = 0.07 MPa (color bar up to 0.05)
(c) von Mises Tension - RPIM - Luminal Pressure
= 0.08 MPa (color bar up to 0.25 MPa)
(d) Effective Plastic Strain - RPIM - Luminal Pres-
sure = 0.08 MPa (color bar up to 0.07)
(e) von Mises Tension - NNRPIM - Luminal Pres-
sure = 0.08 MPa (color bar up to 0.4 MPa)
(f) Effective Plastic Strain - NNRPIM - Luminal
Pressure = 0.08 MPa (color bar up to 0.05)
Figure 6.81: 3D Artery Model I - Highly Calcified Atherosclerotic Plaque - Cross-section at the
Highest Stenosis point
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In the following figure we can see a deformed longitudinal view of the von Mises Tension
Field.
(a) Result obtained from FEM (color bar up to 0.5 MPa)
(b) Result obtained with RPIM (color bar up to 0.6 MPa)
(c) Result obtained with NNRPIM (color bar up to 0.7 MPa)
Figure 6.82: 3D Model I - Deformed Longitudinal view with von Mises Tension Field - Heavily
Calcified Plaque
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6.3.1.4 Section I Results
By analysing the relation between the luminal pressure and the displacement of Point B of Section
1 with each level of calcification, the following plots were made.
(a) Result obtained with FEM
(b) Result obtained with RPIM
(c) Result obtained with NNRPIM
Figure 6.83: 3D Model I - Displacement in Oz of Point B in Section 1 vs. Luminal Pressure
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In Figure 6.84 it is shown the variation of the length of segment B-C which each plaque.
(a) Result obtained from FEM
(b) Result obtained with RPIM
(c) Result obtained with NNRPIM
Figure 6.84: 3D Model I - Length of Segment of Point B-C in Section 1 vs. Luminal Pressure
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6.3.1.5 Section II Results
By analysing the relation between the luminal pressure and the displacement of Point B of Section
2 with each level of calcification, the following plots were made.
(a) Result obtained with FEM
(b) Result obtained with RPIM
(c) Result obtained with NNRPIM
Figure 6.85: 3D Model I - Displacement in Oz of Point B in Section 2 vs. Luminal Pressure
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In Figure 6.86 it is shown the variation of the length of segment B-C which each plaque.
(a) Result obtained from FEM
(b) Result obtained with RPIM
(c) Result obtained with NNRPIM
Figure 6.86: 3D Model I - Length of Segment B-C in Section 2 vs. Luminal Pressure
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6.3.1.6 Discussion
One of the first differences seen between the 2D and 3D numerical examples is the diference in
magnitude of the displacements seen. While on the 2D analysis the displacements seen could
reach more than 2mm, in Figure 6.83 and 6.85 the displacement never surpass 0.5mm. This can
be explained by the different configuration of the two models. While on the 2D models the plaque
and the damaged tissues only represented part of the arteries surface, in the 3D model, due to the
symmetry conditions applied, it is being analysed an artery with a continuous plaque through all its
surface. As the plaque and the damaged tissues present a higher Young’s Modulus then the healthy
tissues the artery in 3D model is stiffer and, as a consequence, will present lower displacements.
In section I, as it was possible to visualize with thinner atherosclerotic plaques in the 2D analy-
sis, the displacement curve, while showing some non-linear behaviour there is not much difference
between the various types of plaque. This difference can be more clearly visible in section 2 where
it is seen a change of stiffness between the levels of calcification. In this section while it is possible
to see the yielding of the lightly and moderately calcified plaques on the expected pressures, the
heavily calcified plaque appears to start to yield at lower pressures. The same effect is seen on
the variation of length of B-C in section 1, as for on section 2 this analysis does not show a very
significant plastification. The plots relating to this variation are presented in Figures 6.84 and 6.86
The low level of plastification near the thicker end of the model can also be seen in low level of
plastification shown in the Effective Plastic Strain fields (Figures 6.77, 6.79 and 6.81).
As for the longitudinal von Mises Tension fields (Figures 6.78, 6.80 and 6.82), as seen in the
2D examples, there is a accumulation of tension in the interface between the damaged media and
the healthy media due to the previously mentioned limitations of the model. But it can also be seen
in those fields the effects of the artery’s stiffening in the healthy tissues with the large expansion
and higher tensions that exist in the healthier part of the artery.
The 3D model, as with the 2D examples, shows that at normal systolic blood pressure (0.01867
MPa) [91] none of all of the atherosclerotic plaques experience plastic deformations, as seen in
the displacement variations with the increase of pressure.
When comparing the three numerical methods in both sections, Figure 6.87 and 6.88, the
results show a good overlay between them for the lightly and moderately. In the case of the
heavily calcified plaque the results seem to show some variance that could be a result of the lower
nodal density used for the 3D analysis.
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(a) Result obtained from Lightly Calcified plaque
(b) Result obtained with Moderately Calcified plaque
(c) Result obtained with Heavily Calcified plaque
Figure 6.87: 3D Model I - Comparison of displacement of point B with different numerical meth-
ods - Section 2
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(a) Result obtained from Lightly Calcified plaque
(b) Result obtained with Moderately Calcified plaque
(c) Result obtained with Heavily Calcified plaque
Figure 6.88: 3D Model I - Comparison of displacement of point B with different numerical meth-
ods - Section 2
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6.3.2 3D Model II
For this example it was taken into consideration a solid domain ω ∈ℜ3 representing a atheroscle-
rotic artery containing a plaque provoking an stenosis of two thirds of the lumen diameter. The
plaque simulated is a continuous plaque extending through the complete radius of the artery. Due
to the natural symmetry of the simplified model, only 1/8 of the artery was analysed. It was ap-
plied to the domain symmetry constrains. The numerical model was designed using 3985 nodes
and was analysed using three different numerical methods (FEM, RPIM and NNRPIM). An image
of the nodal distribution used can be seen in Figure 6.89
Figure 6.89: 3D Model of Artery with Atherosclerotic Plaque - Model 2
The von Mises Stress field were analysed for each of the atherosclerotic plaque set of material
properties on the thicker end of the atherosclerotic plaque. The longitudinal view of the model
under each of the conditions was also analysed in order to study the effect of the transition to the
diseased area. Besides this, it was also analysed the displacement in Oz in specific interface nodes
between tissues at two different positions of the model. The location of these nodes can be seen
in the diagram of Figure 6.90, where S1 is the first position analysed and S2 the second. The
displacement seen was analysed against to the pressure applied in the artery’s lumen.
Figure 6.90: 3D Model Stage II - Points location
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6.3.2.1 Lightly Calcified
For a Lightly Calcified atherosclerotic plaque, the following von Mises stress fields and Effective
Plastic Strain Fields were obtained. This fields were obtained at the highest luminal pressure of
each numerical analysis.
(a) von Mises Tension - FEM - Luminal Pressure
= 0.10 MPa (color bar up to 0.45 MPa)
(b) Effective Plastic Strain - FEM - Luminal Pres-
sure = 0.10 MPa (color bar up to 0.08)
(c) von Mises Tension - RPIM - Luminal Pressure
= 0.10 MPa (color bar up to 0.4 MPa)
(d) Effective Plastic Strain - RPIM - Luminal Pres-
sure = 0.10 MPa (color bar up to 0.09)
(e) von Mises Tension - NNRPIM - Luminal Pres-
sure = 0.11 MPa (color bar up to 0.4 MPa)
(f) Effective Plastic Strain - NNRPIM - Luminal
Pressure = 0.11 MPa (color bar up to 0.09)
Figure 6.91: 3D Artery Model II - Lightly Calcified Atherosclerotic Plaque - Cross-section at the
Highest Stenosis point
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In the following figure we can see a deformed longitudinal view of the von Mises Tension
Field.
(a) Result obtained from FEM (color bar up to 0.8 MPa)
(b) Result obtained with RPIM (color bar up to 0.9 MPa)
(c) Result obtained with NNRPIM (color bar up to 1.1 MPa)
Figure 6.92: 3D Model II - Deformed Longitudinal view with von Mises Tension Field - Lightly
Calcified Plaque
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6.3.2.2 Moderately Calcified
For a Moderately Calcified atherosclerotic plaque, the following von Mises stress fields and Effec-
tive Plastic Strain Fields were obtained. This fields were obtained at the highest luminal pressure
of each numerical analysis.
(a) von Mises Tension - FEM - Luminal Pressure
= 0.13 MPa (color bar up to 0.6 MPa)
(b) Effective Plastic Strain - FEM - Luminal Pres-
sure = 0.13 MPa (color bar up to 0.09)
(c) von Mises Tension - RPIM - Luminal Pressure
= 0.13 MPa (color bar up to 0.55 MPa)
(d) Effective Plastic Strain - RPIM - Luminal Pres-
sure = 0.13 MPa (color bar up to 0.11)
(e) von Mises Tension - NNRPIM - Luminal Pres-
sure = 0.14 MPa (color bar up to 0.55 MPa)
(f) Effective Plastic Strain - NNRPIM - Luminal
Pressure = 0.14 MPa (color bar up to 0.11)
Figure 6.93: 3D Artery Model II - Moderately Calcified Atherosclerotic Plaque - Cross-section at
the Highest Stenosis point
6.3 3D Analysis 159
In the following figure we can see a deformed longitudinal view of the von Mises Tension
Field.
(a) Result obtained from FEM (color bar up to 1.2 MPa)
(b) Result obtained with RPIM (color bar up to 1.2 MPa)
(c) Result obtained with NNRPIM (color bar up to 1.4 MPa)
Figure 6.94: 3D Model II - Deformed Longitudinal view with von Mises Tension Field - Moder-
ately Calcified Plaque
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6.3.2.3 Heavily Calcified
For a Heavily Calcified atherosclerotic plaque, the following von Mises stress fields and Effective
Plastic Strain Fields were obtained. This fields were obtained at the highest luminal pressure of
each numerical analysis.
(a) von Mises Tension - FEM - Luminal Pressure
= 0.09 MPa (color bar up to 0.22 MPa)
(b) Effective Plastic Strain - FEM - Luminal Pres-
sure = 0.09 MPa (color bar up to 0.035)
(c) von Mises Tension - RPIM - Luminal Pressure
= 0.09 MPa (color bar up to 0.25 MPa)
(d) Effective Plastic Strain - RPIM - Luminal Pres-
sure = 0.09 MPa (color bar up to 0.04)
(e) von Mises Tension - NNRPIM - Luminal Pres-
sure = 0.08 MPa (color bar up to 0.22 MPa)
(f) Effective Plastic Strain - NNRPIM - Luminal
Pressure = 0.08 MPa (color bar up to 0.02)
Figure 6.95: 3D Artery Model II - Highly Calcified Atherosclerotic Plaque - Cross-section at the
Highest Stenosis point
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In the following figure we can see a deformed longitudinal view of the von Mises Tension
Field.
(a) Result obtained from FEM (color bar up to 0.6 MPa)
(b) Result obtained with RPIM (color bar up to 0.7 MPa)
(c) Result obtained with NNRPIM (color bar up to 0.7 MPa)
Figure 6.96: 3D Model II - Deformed Longitudinal view with von Mises Tension Field - Heavily
Calcified Plaque
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6.3.2.4 Section I Results
By analysing the relation between the luminal pressure and the displacement of Point B of Section
1 with each level of calcification, the following plots were made.
(a) Result obtained with FEM
(b) Result obtained with RPIM
(c) Result obtained with NNRPIM
Figure 6.97: 3D Model II - Displacement in Oz of Point B in Section 1 vs. Luminal Pressure
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In Figure 6.98 it is shown the variation of the length of segment B-C which each plaque.
(a) Result obtained with FEM
(b) Result obtained with RPIM
(c) Result obtained with NNRPIM
Figure 6.98: 3D Model II - Length of Segment of Point B-C in Section 1 vs. Luminal Pressure
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6.3.2.5 Section II Results
By analysing the relation between the luminal pressure and the displacement of Point B of Section
2 with each level of calcification, the following plots were made.
(a) Result obtained with FEM
(b) Result obtained with RPIM
(c) Result obtained with NNRPIM
Figure 6.99: 3D Model II - Displacement in Oz of Point B in Section 2 vs. Luminal Pressure
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In Figure 6.100 it is shown the variation of the length of segment B-C which each plaque.
(a) Result obtained with FEM
(b) Result obtained with RPIM
(c) Result obtained with NNRPIM
Figure 6.100: 3D Model II - Length of Segment B-C in Section 2 vs. Luminal Pressure
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6.3.2.6 Discussion
In resemblance to the first 3D example, it is seen the same difference in the value of displacement
between the 2D and 3D numerical examples. While this difference was already explained in the
previous discussion, it can also be noted a difference between the displacement values of section
2 on each of the models. This should be expected since as model II presents a higher level of
stenosis, and given the Young’s Modulus values for the plaque and damaged tissues, it should also
present a higher stiffness. The displacement of each of the analysed sections of model II can be
seen in Figure 6.97 and 6.99.
In the displacement curves of section I, the RPIM and the NNRPIM results while showing
a small increase in the plaques stiffness has the level of calcification rises, the results appear to
be very similar between plaques. As for the FEM results, besides a visible difference in stiffness
between the heavily calcified plaque and the others, it shows a yielding of the ligthly and moder-
ately calcified plaques around the expected pressure. Similarly to the previous model the heavily
calcified model appears to enter on yielding on a lower pressure then expected. When looking to
Section 2, the result of all methods present the same behaviour. While the moderately and lightly
calcified plaques appear to show similar stiffness, it can be seen the material to start to yield at
their expected pressure, at 0.055 MPa and 0.085 MPa respectively. As for the heavily calcified,
the results show a significant difference in its stiffness when compared with the others.
By analysing the variations in length in segment B-C, seen in Figures 6.98 and 6.100, it is
observed that this variation is small and with a very smooth behaviour, being difficult to see a
clear yield point. Even so, the heavily calcified plaque stills shows a clear higher stiffness than the
others on section 2. This difficult in detect the plaques yield point could be explained by the low
level of plastification seen in them, as shown in Figures 6.91, 6.93 and 6.95
In the longitudinal von Mises Tension fields (Figures 6.92, 6.94 and 6.96) as seen in the all
previous examples, there is a accumulation of stress in the interface between the damaged media
and the healthy media due to the previously mentioned limitations of the model. Another obser-
vation to make, as seen in the first 3D model, there is a large expansion and higher streses in the
healthier part of the artery. As with the previous examples, this model also shows, as seen in the
displacement plots, that at normal systolic blood pressure (0.01867 MPa) [91] none of all of the
atherosclerotic plaques experience plastic deformations.
Finally, by comparing the numerical methods in both sections, Figure 6.101 and 6.102, the re-
sults show a good overlay between them for the lightly and moderately, while the heavily calcified
plaque the results seem to show some variance. This phenomena, as mentioned before, could be a
result of the lower nodal density used for the 3D analysis.
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(a) Result obtained with Lightly Calcified plaque
(b) Result obtained with Moderately Calcified plaque
(c) Result obtained with Heavily Calcified plaque
Figure 6.101: 3D Model II - Comparison of displacement of point B with different numerical
methods - Section 2
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(a) Result obtained with Lightly Calcified plaque
(b) Result obtained with Moderately Calcified plaque
(c) Result obtained with Heavily Calcified plaque
Figure 6.102: 3D Model II - Comparison of displacement of point B with different numerical
methods - Section 2
Chapter 7
Conclusions and Future Work
CVD’s and atherosclerosis are an important health concern in today’s society, as it has already
been mentioned, and the biomechanics of the atherosclerotic plaque is still an area in need of
further study. In this work the use of the Radial Point Interpolation Method (RPIM) and the
Natural Neighbour Radial Point Interpolation Method (NNRPIM) was extended for the analysis
of Atherosclerotic Plaque in two-dimensional and three-dimensional models, being the first time
the RPIM has been used with this purpose.
The main objectives of this thesis were to perform a elasto-plastic analysis of atherosclerotic
arteries using meshless methods and with this, study the effects that plaque thickening and change
of plaque’s material properties due to tissue calcification could have in the mechanical behaviour
of the artery. Besides these two main objectives, it was also aimed to draw from this work further
comparisons from FEM and the meshless methods used.
As it was reported in the previous chapter, this analysis was performed as intended, allowing
to see that as the level of calcification rises, so thus the artery’s stiffness. The same can be said for
the thickness of the artery’s plaque, as it could be seen from the 2D study. At a physiological level
it was also proven, by both the 2D and 3D analysis, that the atherosclerotic plaque does not suffer
any plastic deformations, only reaching its yield point at a supraphysiological state.
The use of meshless methods also proved to be adequate, as it could be seen by significant and
recurring overlay of results between this methods and the more widely use FEM. As problems in
biomechanics often present a high degree of complexity, either by their geometry or phenomena
involved, the reliability of the RPIM and NNRPIM concluded from the present work, added to
the facility that meshless methods show in modelling complex geometries or large deformations,
should make them a primary tool for the study of mechanobiologic problems in biomechanics.
While this work reached all of the proposed objectives, it also had some limitations. Firstly,
while the elasto-plastic model used to predict the mechanical behaviour of the plaque revealed to
be adequate, as seen by the good overlay between it and the experimental values, it was also a
simplification of the plaque’s actual behaviour that is much more complex. This behaviour could
also not be better assessed since there is a lack of mechanical experimental data on atherosclerotic
plaque, being only found two research studies in the literature, in which the mechanical data is
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correlated with the plaques composition.
Secondly, the hardware available limited the level of discretization that could be achieved, as
the numerical analysis had to be limited to around 4000 nodes. While this did not hinder the results
in the 2D analysis, it clearly had an effect on the 3D models, recall that in the 2D analysis it was
used around 4000 nodes to discretize an infinitesimal slice of the problem, in the 3D analysis each
slice of the model could only have around 70 or 80 nodes.
Another point to raise is, that the 2D analysis could not be compared with the 3D analysis.
This was not only because of the different levels of discretization, but also by the two different
configurations used for each of the models, being one of the a continuous plaque around the artery
and the other only a partial plaque.
Finally it could be raised that the lack of any damage model, of the anysotropic and hyper-
elastic characteristics of arterial tissues or of the pulsatile forces characteristic of the circulatory
system are also limitations of this study.
For the future further work could be made to develop the methodology presented here. It would
be advised to consider the anisotropic and hiperelastic characteristics of the tissues and to gather
further experimental data in order to develop a constitutive model of the atherosclerotic plaque. A
multi-scale analysis, the combination of an inflammatory model with a mechanobiologic models
or a dynamic analysis simulating the pulsatile stress that the artery is subjected would also be
advised routes for further research.
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